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CHAPTER I 

COMPLEX NUMBERS 


1.1. Definitions. The complex number r = .v-r0‘ is defined by ihc 
ordered pair (jc, y) of real numbers .y and iliai satisfies certain 
laws of operation. [The number-pair (n, b) is said to be ordered 
if the number-pairs {a, b) and {b, a) are distinct, unless a = b.] 

The number / is called the imaginury unit and satisfies the 
fundamental laws of algebra, associative, commutative and distribu- 


tive, except that its square is — I. 

As this notation suggests, when >‘=0. the complex number r 
becomes the real number .y, i. e., complex numbers include real 
numbers : x+i. o=x. 

As a consequence, the Ians of operation that are to be prescribed 

must reduce to laws of operation on real numbers when y =0. 

When x=0, the number ^ is said to be purely imaginary, fhe 
real numbers ;c and >■ are known as the real and imaginary compo- 
nents (or parts) of In symbols Re (c)==.y, Im (c)=r, where 
Re (z) stands for the real parts of z and Im (z) for the imaginary 


part of z. 

Note 1. In the expression a+j.v, the sign + does not indicate 

addition as understood so far. The symbol i denotes 
represented by the ordered pair ol real numbers (0, 1). . m 

real number arc always required to express a single complex numiiei. 
The notation though suggesting addition, is used as a m.mei oi 

convenience. 

Note 2. The name iniaghiarj- numbns docs not impl> that there 
is anything unreal about them, or that these mimbeis ivc in 
precarious condition in some people’s imagination. I his un ui nn< c 
name has, however, led many .students of elementary mathema ics 
suspect the whole subject of complex varia))Ies. 

% 

1.2, Definition of Equsility. Two complex numbers .'i 


and 22 ={x 2 y yz) are equal if, and only if> Xi — x.y 
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In particular, since 0=(0, 0), a complex number r is zero if, 
and only if, its real and imaginary parts both vanish : 

(.V, v)=0 implies ;ic=0=;’. 

Note. The phrases ‘greater than’ or ‘less than’ have no mean- 
ing when applied to complex numbers. The only relation of magni- 
tude that can exist between two complex numbers is that of equality. 


1-21. The modulus of r, written | c ] , is defined to be It 

follows from the definition that [ j | if and only if, 

.Y-O. r=0. 

1.3. Fundamental Operations.* If r,=(.Yi, Vj), >' 2 ) ; 

wc have the following definitions : 

I. Addition. — (.y, + .Y2 Vj .I'.j). 

In particular, if Ci -i,.Y,, 0 and = 

,.Y,. 0i + (0, r,) = (.Yi, .I'l). 

II. Subtraction, r, — ^^"(.Yi — .Vj, v,— ,v.>). 

\\’c define — r as (— .y. — . 1 ), where r = (.Y, .v) 

In particular, when .y = 0. wc ha\c — /.v = (0. — v), since 

r .Y • iv . 

4 

III. Multiplication, r,:.- .'i'’.*” .1 i.r*. -Vj.i . 
la p.ii iicLilar. if .y,-. .y^ = 0 .aid - y 2 = ] , we have 
/- 1,0 1. 

If t!ie I'undaincnial operations arc defined as above, we easily 
sec that ilie ci'mplcY numbers satisfy the fiindamemat laws of 
algebra of real numbers ; hence their algebra will be identical in 
t'orin ilu'tigii not in meaning, w iiii the algebra of real numbers. 
l\>r example, ilic commutative law of multiplication holds : 


- f.Yj.Vj — yj.ia. .Yi.v.^ — -Y^.y,) 

' v_..Y, — y .1 ,, -Y2y,-f-.Y, iO = r.ri. 

The »»lher laws can be similarly proved. 

Note. < )i jeinal!y tlio alu( bra f>f’complc.\ miinliers was intro- 
iMiiTil i>v 1 11;, II dine tbe numl*(:r v-b/r as the sum ol the mimher x 
-.nd .1 vji-d bv making u '- of I m ilic usual algebraic operations. 

I lu- ileiiiiiii^ni of a lamiplrN mimbrr a.s an oiclered pair of real num- 
bers < le.uly shows that ihis .ilgf'l)r.\ ne<'d not depend upon the use of 
ur. ti-rious ‘intagin.uy’ i,\inibers. i ln* important thing to realize 


* 


I 111! know ledge ol the fuiul.inierital operations with real numbers 
is assuinrd. 
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is that a complex number is in reality a pair of two real number 
and the customary algebraic operations can be delined for these 
number-pairs. 

1.31. Zero Products. If a product of tw o complex numbers be 
zerOy then one of them is zero. 

For, let x (.Vo,>- 2 ) = 0 ; then -i-.V 2 yi) = 0. 

Hence, by the definition of equality 

XiXi—Xiyz^O, and Xyy^ + Xzyi=0; 

(-V2'^+>'2^)=0. and yi{x.f+}\~)=0. 

If jCa’^ + ya^^^O, it follows that and, .*. {.Vi,>’i) = 0. 

If Ar 3 - + >^2‘-^=0, then, since x.,y y.> are real, a- 2=0,;'2=0, and 
hence (Xg, y 2 )=^‘ 


1.32. Definition of division. If ={a-i,>’,), Z 2 ={x 2 ,y 2 ', z^ = 
(•^3, >'3) ; Ihen, from the equation r,j3 = Zi, we have 

(x-iX^f - y^y.^y x.y^ + a'^j'.) = ( xi ,>>1), 

so that x.iX.j—y.iyj—Xi and x^y^+x^yi^yi. 


On solving for x^ and y^,, Xj=-- , yj= - • 

X'i I Ao 'T ) 2 

provided that 1 Z 2 I ^0. Hence, if | r- | 0, there is a unique 


solution, and ra=(*^8» >'3) is the quotient of ^ 


-t 


In particular, if we write, as before, 1 for (1,0), then from 
above, ifri = (l,0), we have — = ‘ 

This defines the reciprocal of j,. 

1.4. Geometrical Representation. The definition of a complex 
number as an ordered pair of real numbers immediately suggests 
a geometrical representation of complex numbers which is due to 
Gauss and Argand. 
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In the rectangular coordi- 
nate system X'OXy Y'OY^ the 
point P (x,y) is uniquely deter- 
mined by the real number-pair 
x^y. Hence, the point P can 
represent the complex number 
z=(.v,;'). The point P is called 
the point c and the figure is then 
called the Argand Diagram 
(or Argand Plane). 

With each complex number 
z=(x,y), we associate that point 
of the rectangular cartesian 
which has the coordinates .x and 
y, and conversely, with each point having the coordinates .v and y, 
we associate the complex number r=(A:, y). In the Argand 
Diagram the x-axis and y-axis are respectively called the real axis 
and imaginary axis. 

The number z can 
also be thought of as a 
vector from the origin to 
the point (x, y); also as 
any vector obtained by 
translating that vector in 
the plane. The complex 
number j is often referred 
to as the vector r. 

According to the defi- 
nition of the sum of two 
complex numbers Zi— (.Vi,yi) 
and j5=(a* 2, y*)* "1+-2 cor- 
responds to the point (.Vi + 
A'sjyi-fyo). It also corres- 
ponds to a vector with those 
coordinates as its compon- 
ents. Hence, ri-i-rg is re- 
presented by the vector sum 
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of vector and r, as shown in Fig. 2. The difference Zi—Co is 
respresented by a vector from the point to tlie point r, (Fig. 3). 

Note. The complex number ^ is also called the affix of the 
point {x,y) which represents it. 

1.5. The Polar Form. If (r,0) be the polar coordinates of the 


point P {x,y) (Fig. 1 § 1.4), 

then .x’=r cos y = r sin 0, (1) 

and r — 0 = tan~^-^. (2) 


The relations (1) are correct in sign, if r is always taken as 
positive and the positive direction of the angle is chosen to be 
counter-clockwise. 

Hence, every complex number r = a: + /;’ can be written in the 
form (cost? + / sin 0), where r = v'x2+v2 is the modulus ; 0 is 

called the amplitude (or argument] of z, and is written amp r 
(or arg r). 

The amplitude 0 is a many-valued function of .v and the 
values differing by 27r. The value of ^ satisfying the inequality 
— 7r<[0^7r is called the principal value of amp r. 

1.6. Products and Quotients. 

I. Let />, =r, (cos 0,-}-/ sin 0,), 

and r 2 =A :2 + />’ 2 ='’» (cos Oj+i sin d.,). 

By the definition of multiplication, we have 
z,r2= a-,x- 2 — + ^syi) 

=r,r 2 {(cos fJ, cos — sin 6^ sin 0..) + i (cos 0, sin 

•j-cos Oo sin Oi)} 

=r,r 2 { cos (^j+Og)-!-/ sin (^i + O,)}. 

By continued application of this equation, we have 
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{ COS (Oj + 02-1-03+ + 0n) 

+i sin( 6 j+O 2 + 03 +...+ 0 „)}, 

......( 1 ) 

where 23, 24,..., 2„ are similar 
numbers. 

Geometrically, the length 
of the vector 2 i 22...2„ is equal 
to the product of the lengths 
of the vectors 2i, 22,... 2„, /. e., 

1 1 “1 I ♦ 1 '^2 l**-j Zn I> 

and the amplitude of z^z2...z„ 
is equal to the sum of the 
amplitudes of 21,22,. ..2,,. Fig. 5 

II. Since division is the inverse of multiplication, we have 

{cos (0j— 02)+/ sin (01—02)}, for this last is the 

number which when multiplied by z^ produces 2i. 

Hence, the modulus and amplitude of a quotient are respectively 
the quotient of the moduli and difference of the amplitudes of the 
numerator and the denominator. 

In particular, -*- = — [ cos (—0) + / sin ( — 0)} 

= — (cosO— / sin 0), (2) . 



i.c. 



, and amp 




In equation (1), if we put — ...=2„=2=/(cos 0+/ sin 0), 


then 2’' = r" (cos n 0+/ sin nQ), (3) 

where n is any positive integer. 

Similarly, from equation (2), it follows that 

--n_;.-M(cos 710 — / sin 7(0). (4) 
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i 



P 

<7 


, where and 


q are 


integers 


and q is positive, then 


( 


e . . 0 


since cos sin 


u \ _ 

T ) ~ 


cos 6 -\-i sin 0, 


0 ^ 

cos sin— in a value of (cos (? + / sin 0) 

<1 9 

Also, since p is an integer, 


/ 0 , . . 0 

1 cos ht sin— 

V 9 <7 


^ =cos— -0 + / sin — 0 

J <i Q 


cos —0+ i sin —0 is a value of (cos 0 -{-/ sin 0).'^ 
9 <I 


( 5 ) 


The equations (3), (4) and (5) are known as De Moivre’s 
Theorem. 


Note 1. It should be observed that if 0, and 0^ are the princi- 
pal values of amp Z\ and amp then 0, +O 2 is not necessarily the 
principal value of amp (^i+'Ca)* Similarly, Oj —0^ is not necessarily 


the principal value of amp 



Note 2. cos O-h i sin 0 is written briefly as cis 0, so that Dc 
Moivre’s Theorem can be written as (cis 0)" = cis n 0. 

1.61. Geometrical Interpretation of Multiplication by i. When 
a complex number z is multiplied by /, the resulting vector iz is 
the one obtained by rotating the vector z through a right angle 
in the positive direction, without changing the length of the 
vector, since 



TT . . . TT 

cos-^-hi sin-^ 



r (cos 0 + / sinO) 


^r-^cos (^' 5 +^) sin ^ 
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1.7. Goxnplex Conjugates. 

The complex conjugate, 
or simply the conjugate, 
of the complex number 
z=x — iv is the number 
z=x — O’. 

Geometrically, the con- 
jugate of r is the reflection 
(or image) of c in the real 
axis. 

Also, their product is 
and if (f,0) are the 
polar coordinates of the point Fig 5 


r, those of the point r are (r,-0). Hence, ] z | (1) 

I - I =/•= 1^1, (2) 

and amp r=--amp (3) 


The proofs of many theorems regarding complex numbers can 
oficn be greatly simplified by the use of conjugate complex numbers, 
if we remember the easily proved formulae. 



i -- I = = r-h, 
I -1-2 i " = 

and so 


2 Re (z), z — z=2 i Im (z). 

‘0Z2— I I " I ’2 I “» 
= ! -i I • I -2 1 • (already proved). 


1.8. Unimodular Numbers. From the equation 

a= \ a \ u, a-^-o ; ( 1 ) 

it follows that m7 = l, [ h | =1 (2) 

Numbers (/ wliidi satisfy (2) are called unimodular (/ e. of 

modulus unity). On taking u=x-\-i}\ u=x~i)\ (3) 

we find that .Y2-j-y2 = l, (4) 


so that unimodular numbers may also be defined by equation (4). 
The unimodular number —1 satisfies the equation 



Further, every unimodular number u satisfies the equation 
ii{ 1 -f r/)= a + uu — \ + u. 


( 5 ) 
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Hence, if ti 
where 



+W-. 0. 




Thus, every unimodular number can be represented as the 
quotient of two complex conjugates, and vice \ersa. Hence, if z-=^a 

" — — is unimodular. Further, if I r I =1, then ^ is unimodular 
f— d ■ 


j . 1 z—a a — z 

and sots w= . , 

r r — a 1— 



where I a | Solving this for r. we have r= , — z — , 

I I - => ] —aw 



which shows that each of the equations (7) and 
obtained from the other by interchanging r and ir. 


From (7) we also have i w 


2 = - ) 

' (1 —dr (I — 




and 



(8) may be 



Hence, if | a [ < 1 , ( 1 - | r | =) and ( 1 - 1 »r j =) both have the 
same sign. It follows, therefore, from (7) and (8) that to every 
number r whose modulus <1 corresponds a number ir having the 
same properly. 

We shall see later (Ex. 3, §3.47), that the transformation (7) 
maps the unit circle 1 r j <1 on the unit circle |irj<I. 

1.9. SOME IMPORTANT THEOREMS. 

Theorem I. The modulus of the sum of any number of 
complex quantities is never greater than the sum of their 
moduli. 

Geometrical Proof. Let P and Q be the points r, and r., 
respectively and R the point r, + r 3 [sec Fig. 2, § 1-4]. Obviously, 

OR<OP + OQ ; 1 z, I < ! z, [ + [ | . The sign of 

equality will occur only, if P, Q, Rare collinear. By induction, the 
theorem can be proved for more than two numbers. 
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Algebraical Proof. Let 2 i=ri (cosOjH-/ sin0j), and z%=r^ 
(cosDj + f sinOj), 

then J I = I ('’i cos6i + r« cos02)+/(riSin6i-f‘r2 sinO^) ] 

= Vi ('*1 cosOi + rg cosOg)® 4 - (riSinOi + rjsinG*)®] 

= V[V+''2^ + 2/-i7-2 cos (Gi— O g) ] 

< V(''x“+r 2 ®+ 2 rir 2 ), [V cos( 0 i- 02 )<l] 

or < r^ + r^ I I + I ^2 M ; 

I ^1+^2 I ^ I I + I ^2 1 • 

The equality will hold only when cos( 0 i— 02) = 1 , 

/. e. when 0^— 05=n7r, n being an integer. 

Aliter. 

[ I ^ — (5ri+-a)=rj2 +Zi?24~“i^2+“a^2 

= lr, M-i-2ReCf,Z2)+ | Zg [ ^ 

< 1 z, 1 ^ + 2 I z,.% 1 + I zg [ =» 

[V Re (zX I z 1 , /. e. Rc (ZiZgX [ ZiZg 1 

= I -- 1-2 I •] 

=( 1 -1 I + I --g ! )= ; 

1 -I+Zg I ^5; I Zj I + ) Zg [ . 

Theorem II. Modulus of the sum or difference of two 
complex quantities is never less than the difference of their 
moduli. 

Geometrical Proof. From Fig. 2 , § 1 . 4 , OR + PR>OP, or 
OR>OP-PR ; 

•• I ~l"i'-2 I ^ I -1 I I ^2 I * 

The sign of equality holds only when Zj, Zg are collinear with 
the origin. Similarly, in Fig. 3 , § 1 . 4 , taking the triangle with sides of 
length \ ~i\ , I Zg I and | Zi— Zg ] , we have \ Zj— z, [ > ] z, | — 

I Zj. I , since no side of a triangle is less than the difference of the 
other two. 

Algebraical Proof. Let Zi=/-i (cosOi + Z sinOj), 
and Z2—rz (cosGg-f- i sin0.>), 

then I Zi + Zg | cos (Oi— Og) ] 

> I I , [V cos (Oi— 02)> — 1.] 

or >1 I zi I - I z, 1 I . 

The sign of equality holds only when cos (0^—02)= — 1 , 

/.e., when 0^— 02=(2 /;4-l)7r, n being an integer. 
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Similarly, | \ -=rj^-\-r 2 ~ — 2 rir., cos (0,-0,) 

[Vcos (0j-0,)<l.) 

I ~2 i ^ 1 I ”i I ~ I -2 I ! • 

The sign of equality holds only when 0, — 0j = 2«Tr , /j being an 
integer. 

Aliter. 1 Zi±r- j ^ = (^±^ 2 ) (-i±- 2 )= "i-i±(-i- 2 ±- 2 -i)'r-!t -2 

= 1 r. I 2±2 Re {=,-= 2 )+ | M 

2-2 I r,r 2 I + 1.-2 12 


> 


-i 


then 


= (lr, |_- 1.-2!)=; 

j Re (r|r 2 )j^ I ^,^2 | = 1 -i-j 1 > 

1_.'. ± Rc (- 1 - 2 )^ 1 - 1-2 I • 

/. 1 Ti+rg 1^1 I -1 I ~ I -2 I I • 

Theorem III. Prove that 

|*. + *2|=+ = r- + 2|Z2l=- 

Proof. Let ri=ri (cos O 1 + / sin O 2 ), and r 2 = r 2 (cos O. + Z sin 0.), 
2 +^2 I =+ I M-Zj I 2=[f,= + r2H2 r.r. cos (0,— 0>)1 

+ (rr’+r,*-2r,r2COS(0,-0,)] 

= 2 (/•2”-+r,2) = 2 I z, I - + 2 1 z 


fi 

•> I *• 


Aliter. 


- 1 +- 2 ! ^+ 1-1 -■ 


= (Zj+Z 2 ) (-i + ? 2 ) ■bC't “- 2 ) (-1 - 2 ) 

= 2 (z,z.-z,»2 ) = 2 1 z, r+2|z2M. 

Ex. 1. Find the equation to a straight line joining two given 
points r,, in the Argand plane. 

Let z be any point on the slraiglit line joining z^Zj, then 

/7 — 7 \ Zl - 4-2 - 

amp J ='n'. or 0» — 

according as 2 lies inside the line 
joining Zj, z* or outside it. 


P B 

Fig. 6 


In both the 


cases, Im f- — 0 ' ^ > ^ 


( 1 ) 


or z (^ 1 -^ 2 )--' ( 2 i— Z 2 )+(Z,Z 2 — Z 2 -i)= 0 , 

which is the required equation. 

If -C, = <2_l + t *1, ‘e2 = ‘*2 + * ^2. then .Cj— C2 = ('7 i-‘^2) + «(^i — ^2) — 

Za, say, •?i— 22=(fli — «>)— * (ij — 62)=— la, ^2-1= — ‘2Z (^1^2 — 

^2^^) = — *V, say; where c is real. The cquiion ( 1 ) can thus be written 
— la ^ — 1«4 — |V = 0 , 

or a^+a^ + r=0, (2) 

where c is real. 
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Ex. 2. Show thatf if amp ( —amp ( ^ , the 

^ / \ ^i—Zi / 

points and z^, are on the same side of the line joining z\ and Za and 
^3> Z\ fire concyclic. 

Let the points P„ Po, P3 and P4 represent respectively Zu ^3 
and <1 (Fig. 7 (i) ] ; then 



Fig. 7. (i) 

("f^) = “"’p (^'^) 

= Z_Pip4p2* 



Fig. 7. (ii) 



COMLPEX NUMBERS 


13 


The points Pg and must be on the same side of PiP.>, other- 
wise the angles and Z-PiP^Pg will have opposite signs 

[ Fig- 7(ii) ]. 

Also, in Fig. (i), angles in the same segment are equal ; 

[■.' ^PiP3P2=^PiP4P2> given] 

/. the points Pj, Pg, Pg, P 4 are concyclic. 

Ex. 3. Prove that amp{z)-~amp{—z)= ± tt, according as amp{Z) 
is possitive or negative. 

Let amp(^)=0, then — r:<l6^7r. 

IfO<0<7r, amp(— 4 :) = — (tt — 0) ; 



amp(^)— amp( — 4)=7r. 

If0>0>-— TT, amp(— ^) = 0-f 77 ; 

amp(^) — amp(— -1) = — tt. 

Hence, ainp('2) — amp(— 4) = ±7r, according as amp(C) is positive 
or negative. 

Ex. 4. Show thaty if amp 1 -Sa) 1 _ 

Zi are on the opposite sides of the line joining Zx and and Zx, Z^, ^4 

are concyclic. 


Now 


amp 

I (“^1 — ^3) {^5 



or 


amp 


( 



Zi — Zt 




If the points ^4 arc on the same side of the line joining 
and Zg ; then both the amplitudes have the same sign and equation 
(1) is impossible (Ex. 2). 
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Hence, the points ^4 must be on opposite sides of the line 
joining -Cj and Also, in this case the amplitudes have opposite 
signs (Ex. 2) ; 


“"p (■f^) = “ 

where 0^ and 0^ have the same sign. Hence, 6 i 4 - 02 = 7 r, which shows 
that the four points C,, 4^, are concyclic. 

Note. The angle 0^ is positive [see Fig. 7 (ii) ]. 

Ex. 5. Prove that the two triangles whose vertices are the points 
^ 1 , ^ 2 , b- respectively^ are directly similar if^ and only if 


a, 


bt 

b. 

h 


1 

1 

1 


=0. 


IfAjB, C and P, Q,, R be the corresponding vertices of the 
two triangles, then condition for similarity gives 



or 


Fig. 9 







or {b.,—b3) + a.i{b.j — bi) + a3 (A,— ^2)=0, 


or 


a 


= 0 . 


. ^ 1 
^2 b‘^ 1 

a-i bi 1 

Note, flj, Aj, etc. are complex numbers. 

Ex. 6, Prove that 

i i + I I = I «+p I 


+ 1 «—p I ■ 

{Agra 1946, *o3) 
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Now, 1 = i + 2 ixy I 

= :^+y^|^|2. (1) 

Also, 1 Z 1 Z 2 I = 1 I ■ I ^2 I - (2) 

.■. I I I + I [ }= 

= I a+-s/:^2^ I I X— 1 ■’ 


a — v'x--3- 


4-2 I y-+v^«2— 

= 2 1 a 1 2+2 i r'+2 I a-'-Cx'-'i-) | [see Th. HI. § 1 .11] 

= 2 1 « I 2 + 2 ! 1 +2 t by (1) 

= I « + P I H- 1 a-p 1 2 + 2 I a + p I i a-p | 

(by Th. Ill, ^l.U and (2) above] 

= { 1 «+P 1 + I I F- 

Hence, | a+\/“=-P- I + 1 I = 1 ? ! + I I • 

Exercise 1 

1. Prove that the equation of a circle in the Argand plane is 

zz~i-bz + i‘C + c=0, 
where b^c are constants, c being real. 

[Hint. T akc the equation as j 4 — | =r 
which gives {■: — ■C|)(^ — ^i) =r^, etc.] 

2. Find the equation of the circle having the line joining C, and 
as diameter. 

3. The two lines joining the points -Cssa, ■c = 6 and -C^r, c = 

will be perpendicular, if amp ^ ^ 

purely imaginary. What is the condition that the lines should 
be parallel ? 

4. Find the centroid, circumcentre and the orthocentre of the 
triangle whose vertices are Zi, z», z.^. 

5. Show that the four points are ^j, concyclic, if 

and only if, the expression ^ is real. 


6. Prove that the curves 


- 2-1 


•C+ 


1 == constant and amp C-if) 


^constant are orthogonal circles. 

7. Find all the values of z vvhich satisfy the equation (C+ 1)^+-:'' = 0 
and show that their representative points all lie on a straight 
line parallel to die imaginary axis. 
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8. If a, b are complex numbers, find numbers so that the 

points ^1, Z 2 and a,b may be opposite corners of a square. 

9. If I 1 = I ^2 I 5 and amp Zi-r amp Z^—O, show that Z^ and 
^2 are conjugate numbers. 

10. A, B, G and D are the points Zi.Zi^Z^ and respectively. Show 
that, if^t^2+-S;,‘r4=0 and Zi+Z^^O, then A,B,C and Dare 
concyclic and the triangles AOC and DOC are similar. 

11. If z„ z^ are the vertices of an isosceles triangle, right-angled 

at the vertex z^, prove that + 

= Square both sides. 

— Z-i 

12. If 1 -^1 ! == 1 I = I Z:t I =1 and ^i+-r 2 +^;j=s 0 the affixes 

Zi, ^25 Z:i form an equilateral triangle in the unit circle | Z | =*1. 

13. Z-^ are the vertices of an equilateral triangle, show that 

Zj_--\-Z^+Z^^ = Z^Z^-\-Z2Zi+Z^Z^. 

14. If (^1--C2)(^'l— 2^) = («2— C3)(^'2— ^'3) = (^3-'^l) S'l)» show 

that the triangles whose vertices are Z^y Zf, Z^ and Z\ C'j, Z'a are 
equilateral. 



(given)=^ 







Also {Z.-Z^) iz‘,-Z's) = {^B~Zi) (Z'a-Z\) (2) (given) 

Multiply (1) and (2) and use the result of the previous example.] 

15, Prove that the area of a triangle whose vertices arc the points 
Zi, C,, Z-i on the Argand Diagram can be written in either of 
the following forms : 


(i) Absolute value of ^ 1 Z^ — Z-j 




[Hint. Let Zi — r^ (cos Oj-f-i sin Oi) etc., then 
the area — i i? r.. .sin (Oo— Oj) 



1 ( 0 , - 0 ,) 
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1_ <^ (^2— -Ca) 1 

“ 4i ^ Zi 



ANSWERS 


2 . 2 -C^ — (■^ 1 +-^*)^ — + + + 


4. K^I + ^2 + ^3) »2:(^^a-^25a) ’ 


^’(■Co-Ca -^3^2) 


7. _4 + ^ tan ^(*=0,1.2, 3,4). 

8. ■Ci = K« + *)-i * ('*-*)> ^2=K« + *)'ri ' (fl-*)- 



CHAPTER II 

ANALYTIC FUNCTIONS 


2.1. Constants, Variables. The same distinction is made bet- 
ween complex constants and complex variables as between real 
constants and real variables. If a complex number takes up only 
one value in any discussion, it is called a constant. On the 
other hand, if a complex number assumes different complex values, 
it is called a variable. A complex variable is written in the form 
.v+0’, where a* and y are real variables. 

2.11. Regions in the Complex Plane. By a neighbourhood of a 
point a in the Argand plane, we mean the set of all points 
such that I -z — a \ <s, where c is an arbitrarily small positive 
number ; e is called the radius of this neighbourhood. This 
circular region includes the point a itself and excludes the 
points on the circle. 

In referring to points of neighbourhood of a exclusive of 
the point a itself, we shall speak of the region as a deleted neighbour- 
hood of a. 

A point a is said to be a limiting point (or limit point) of 
a set of points S in the Argand plane if every neighbourhood of a 
contains a point of S distinct from a. The point a may or may not be 
a point of the set. To illustrate, each point on the circle \ z \ — r is 
a limit point of the set | r | <r. These points do not belong to 
the set. But each point inside the circle is also a limit point that 
does belong to the set. A set of points S is said to be closed if every 
limit point of the set belongs to the set. 

There arc two types of limit points, interior (or inner) points 
and boundary points. A limit point o of S is an interior point if 
all points within a neighbourhood of a belong to S. A limit point 
which is not an interior point is a boundary point. A set which 
consists entirely of interior points is said to be an open set or open 
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two dimensional region (or domain). By the word region we 
mean a connected (or connex) region, one such that every pair of us 
points can be joined by a continuous curve which consists only ot 
points of the region. An open connected region is called an open 
region (or domain). If the region includes all its limit points, such 

as the region | z \ </", it is called a closed region. 

A region is if there exists a positive finite number r 

for which I ^ 1 <Hs satisfied for all points r of the region. If there 
exists no such number r, the region is said to be unbounded. 


Note. Unless the contrary is stated all points, ' " 

the limit points, will represent finite complex numbers. Hence, a 
closed region will mean a bounded closed region. 


2.12. Jordan arcs, Diflferentiable arcs, Regular arcs. 

The set of points 4 determined by the equation z=a^/) + 0'(0, 
where a: (/) and >-(/) arc continuous functions of the real ^anablc / in 

the closed interval (/,. /„), is called a continuous arc. It a continuous 
arc has no multiple point, i.e., for no two dilTcrL'iit values r„ of / in 

the above interval .x (/,) = .v (/,), >- (/.) = >■ J**"**.^” 

arc. A simple example of a Jordan curve is a non-intcrsccting 

polygonal arc consisting of a finite chain of linear segments A con- 
tinuous curve which has only one multiple point, viz. a double point 
corresponding to the end values /.. of / is called a simple closed 

Jordan curve. 

For example, if x(/)=cos /, y (/)=xin r, where 0<(<2.r. ihe 
set of points z=x{t) + iyU) determines a circle which is thus a 
simple closed Jordan curve having the double point at ^-1 corres- 
ponding to /=0 and t=2ii. 

If the Jordan arc ^=x(/) + />(0. possesses tangents 
at all its points, i.e., x'{t) and y'{t) exist for all / in (/„, /„) and do not 
both vanish at the same lime, it is called a difTerentiable arc. If, 
further, this arc possesses a continuously turning tangent, i.e., the 
derivatives x\t) and y'{t) arc continuous, it is called a regular arc 


(or smooth curve) 

It can be proved that a regular arc is rectifiable. 

2.2. Functions of a Comipex Variable. The complex variable 

w is said to be a function of the complex variable z in a given 
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open or closed regin R, if for each value of z in this region w 
has a definite value or set of values. 

Here, as in the case of functions of a real variable, the func- 
tions may be defined also w.r.t a set of values rather than for all 
values of r of a given region. Unless otherwise stated, however, it 
will be understood that z takes all values of a given region. Then, 
if w is a function of z, we may write »v=M(A:,y)-}-/v ix,y)=/{z), 
where u, v are real functions of the two real variables x and y. 

If to each value of z there corresponds one value of w, w is 
said to be a uniform or single-valued function ; if w takes two or 
more values for some or all of the values of z, then w is called a 
multiple-valued (or many-valued) function of z. 

A complex function, /.e., a function of a complex variable 
may sometimes assume only real values ; e.g., »’= t . 

2.21, Path of Variation. In the case of real functions, the indepen- 
dent variable can vary by values corresponding to points on the 
A--axis ; in the case of complex functions, however, the indepen- 
dent variable can vary by values corresponding to the points of any 
path connecting the initial and final points. 

2.3. Continuity. The definition is exactly the same as that for 
functions of a real variable. The function / (z) is continuous 
at the point Zo, if given any s>0, we can find a number s such 
that I /(z)— /(zo) i <c, for all points z of the region satisfying 
I z— Zo I <S. The number 8 depends on s and also, in general, 
upon Zo- 

The function /(z) is said to be uniformly continuous in a region 
R, if it is possible to find a number •/} (s) independent of Zo, so that 
l/(z)— /(Zo) I <£ for every pair z, Zo of the region R, when 

i I <0- 

Another definition. A single-valued function /(z) is conti- 
nuous at a point Zp, if, and only if /(Z q) exists, 

and /(--)=/(-.). 

As in the case of real functions, if /(z) is continuous at every 
point in a closed region R, then it is uniformly continuous there. 



ANALYTIC FUNCTIONS 


21 


The properties of a continuous function may be obtained from 
the corresponding properties of real functions of two variables, since 
the function /(z) = m(;c, will be continuous if both n 

and V are continuous functions of the two variables a* and y together. 

For example, the function f{z)=a.x~y-\-ibxy^ is continuous 
everywhere and so is /(z) = cos + because of the continuity 
of the real functions x^y, xy-^ cos (at;-) and e^. 

If /(z) has a definite limit at c© different from/(ro),/(z) is said 
to have a removable discontinuity at Zo. and the function can be 
made continuous by replacing the value at Zo by the limit at that 

point. 

To investigate the continuity of a function at infinity, put 
z=-^, and test for z' = 0. 


2.4. DifTerentiability. The definition of the derivative of a com- 
plex function /(z) is identical in form with the definition of the 
derivative’ of a real function. The general laws of dilTercntia- 
lion for real variables can be extended williout modification to 
complex functions. The symbols used are also the same. 

Let z be a variable point in the neighbourhood of Zq in a region 
R, in which the single-valued function is defined ; then if the 


limit 



A 



/L(-o+_A^)-/(1o) 

A^ 


exists, where 


and Ah’=/(z)-/(^o)=/(?o+ A?)-/{' o), we say that 
this limit is the derivative of/(r) at the point Zo, and/{z) is differen- 
tiable at Zo- This limit is denoted by/'(zo). 


There is, however, a fundamental difference between this deri- 
vative and the derivative of a function of a real variaUc. If tiiis 
limit is to exist, the same limiting value must be obtained indepen- 
dently of the path along which z approaches Zo- The value of the 
limit must, therefore, be independent of the amplitude of A^ as 
If the limit depends on amp (Az)- the derivative of/(z) at 

Zo does not exist. 

lf/'(zo) exists, then /(z) is necessarily continuous at z = zo,^ 
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for, [/(2o+ A^)— /(?o) ] — >0 as A 2 — ►©, 
if Lt is to exist. 

A^ — >0 

However, continuity does not imply diflFerentiability as can be 
seen from the following example : 

Let /(z)= I z I This function is continuous everywhere 
because of the continuity of 


Here /'(?o)= Lt 

A-^0 


Zq+AZ \ Zo\^ 

Az 


_ T t (^ 0+ Ag) {Zq+ a z)- 

^,—>0 A 2 

— Lt T’o-fAg + go^Y 

Ag/ 

Now, Ag->0 as Ag-> ; /. at the pt Zo=0, the limit is zero, 

/. e .,/'( 0 )= 0 . 

If z„^0, let amp Az = 0, then 

ilz cos ( — 0) + / sin (—0) « ^ « 

- -- = — ^ - » • V. - ' ^ = cos 2 0 — / sm 2 0, 

C:,z COS 04 -/ Sin 0 


Ag 


and Lt does not exist, since the value depends 

Ag^O 
upon amp (z). 

Hence, the continuous function /(r)e= | c | ® is differentiable 
at " 0=0 and nowhere else. 

2.5. Analytic Functions. If a single-valued function /(z) has a 
derivative at a point Zo and at every point in the neighbourhood 
of z„, then r=ro is called a regular point of /(z), or the function 
is said to be analytic at z= 2 o When it exists, the derivative has, 
of course, a unique value. 

The function | z | for example, is not analytic at any point, 
since its derivative exists only at z=0, and therefore, not throughout 
any neighbourhood. 

A function is anylylic in a region of the z-plane if it is analytic 
at every point in that region. The terms holomorphic and reguJar 
arc sometimes used as synonymous with the term analytic. 
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A point in every deleted neighbourhood of which there are 
regular points but which is itself not a regular point is called a 
singular point of the given region. For example, the function 

/(z) = ± has for its derivative/' (e) = - 4 , if z=A0 ; the function 

is analytic everywhere except at the point z = 0, which is a singular 

point of /(z). .. , 

If the derivative exists throughout some open two-dimensional 

region, the function is analytic in that region. Another method of 

determining whether a function is analytic or not is explained m il.e 

next article. . . 

Note. If a function / (e) Is analytic, it is implied that it is 

single-valued. 

2.51. Necessary and sufficient conditions for a function to 
be analytic. 

Theorem. The necessary ami sufficient conditions that the 

continuous single-valued function f i,z)^u {x, y)^iv {x,y) is an 
analytic function of z = x-^iy in a given finite region R are that the 


four partial 


derivatives 


Za 

Zx 


0^ ^ 

0x’ dy' dy 


exist, 


are 


continuous and 


. du dv da 

satisfy the partial dijferential equations 0 


^ = ^7/ all 


Zv_ 

dx 




Lt 


Az 


points of R- , .r ■ \ . 

Conditions are necessary. Let w=f{z), then if u- is analytic 

in R, it has a uniquely determined dcrivatc w.r.t. z at any pt z in R, 

r nnH is ill- 

Q L A- A- J 

dependent of the manner in which Az->0- Az may, therefore, be 
conveniently chosen as a real or as a purely imaginary variable. The 
increment Az= A-^ + zAT becomes in the first case A-v and in the 
second case / AT- We may, therefore, write 

A»V _ , , .A»:. 

0 ' at 


Ll 


= Lt 
Ax 


Lt 

0 At — 


( 1 ) 


Az — >“0 — 

Since the first limit exists, the second and third limits must also 


exist. 
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Thus, we have 


dw 

dw 

1 dw 





...(2) 

d z 

dx'' 

~T ^ 




« • « 

However, 

we 

have 






II 

3 

dx 

[« {x,y)-\- 

. / M 0M , .3v 


• • « 

...(3) 

and ® 

d 

r#i 1 1 f 

V /y vM— ^ **0.1 

dv 




^ dy 

dy 

[U / + 1 

0 y 

dy 



••• w 

Since ~ 

j dw . , 

and - — exjst. 

it follows that 

du du 


3v 

all 

dx 


0.V 

dx ’ ax ’ 

dy 

dy 


exist. Substituting the values of|^and|j from (3) and (4) 


in (2), we get 


^4- — '^4-^ 


Equating the real and imaginary parts, we have 

^ ^ 1 

dx~dydy^ dx’ (5) 

t. e., Mj.= Vy, — \v J 

These partial differential equations are known as Cauchy- 
Riemann differential equations (or conditions). 

Conditions are sufficient. If we further assume that the four 
partial derivatives are also continuous*, we can show that the condi- 
tion (5) are sufficient as well. 

By the mean-value theorem, we have 


A«=« r+ A>’)— « {x, >‘) 

=u {X+AX, y+Ay)-u (.v,y+A7)+» (^,:»'+A 3 ’)-«(^>t) 

= A-v. Ux C-v+0, ^.v, y+^y)+Ay^ w, ix,y-\AAx), 
where 0<0j< I, 0 < O 2 < 1. 

Since Wj, i/y are both continuous, we have 


* This will be established in § 4.31. 
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Am= A^. (Mr+ei)+ Ar- ( 1 /V+S 2 ). where sj and s, both approach 
zero as Az->0. 

Similarly, Av=A^- A^'- + where and sj 

both approach zero as A^-^0. 

Hence, Aw=Aw+^‘ A^' 

= (^|“a:v+^"; Ar + sj A-V+S2 Ar) 


+ i 



Ay+^ii 


A.v + s* 


A.v)- 


Assuming now that the Cauchy-Riemann conditions 

satisfied at the point we can replace 5*-- by — and 

dy c-v dy 


arc 

by 


1^, and then A>i’= (A-v+Z Ar)+Z (Ax + i A;') 
dx dx d-\ 

+S| Ax-\-B., Ay, 

where and both-i'O as A^->0 
It follows that 



Since I A-x- I < I A? 1 and 1 A>’ I < I A2 1 ; 


• • 


A^ 

Az 


< 1, and 


Ay_ 

AZ 



1 


> 



so that 



Ay 

Az 


^ I ! “b 1 ^2 1 as A z— »0. 


Hence, 



. 3v 
’ dx' 


i.e. the derivative of vv exists and the theorem is proved. 

Note. The results of assuming difiercntiabiliiy are much more 
far-reaching than those of assuming continuity. Not only do the 
functions u{x, y) and v{xy y) possess partial derivatives of the first 
order but also they are connected by Cauchy-Riemann differential 
equations. Another distinguishing feature of differentiability is that 
it is not equivalent to the differentiability of u{Xiy) and v{x,y) as is 
the case with continuity. 



26 


COMPLEX VARIABLE 


Ex. 1. Show that the functions j Z j* is not analytic at any point. 

Let w~ 1 ^ i k+*o=jc®-K>’^, so that and 0=0. 

Now, ~ ==2^;, ^=0,^=2>>, ~=0- Thus, the partial deriva- 
tives being polynomials in x and^y are continuous everywhere. How- 
ever, Gauchy-Riemann conditions are satisfied only at the origin 
but not in any neighbourhood of ^=0. Hence, the function is not 
analytic at any point. 

Note. f'{Z) exists only at Z=0 as explained in § 2.4. 

2.52. Polar form of Gaachy-Rlemann conditions. 

When x=r cos 0 ; y=r sin 0, we have 

du _du d^,du_ 30^_3» ... fi iilL?. 
^“0r* a.v''“sO* dx~dr 00 r 

, du du . „ , du cos 0 

a.v dr ao r * 

av av « 0V sin 0 

dx dr 00 r ' 

, av av . ft . 3v cos 0 

and smO+rft- • 

a.v ar 00 r 

Hence, the equations — =p-, — = — ?^when expressed in the 

dxdy dy 3-v 

polar form, become 

3w n 3w sin 0 3v r. , dv cos 0 

— cos 0— -X- = — sm 0-f TTT » 

ar 00 r 3r 00 r ’ 

,01/ . ft , 3w cos 0 8v f. . dv sin 0 
and - s.n0 _ -cosO +^5- — (2) 

Multiplying (1) by cos 0 and (2) by sin 0, and adding, we have 

a« _ 1 av 

dr r 00 * ^ ^ 

Multiplying (1) by— sin G and (2) by cos 0, and adding, we have 

1 a« av 
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Equations (3) and (4) are the Cauchy-Riemann conditions in 
the polar form. The derivative in the polar form is then obtained 
as follows : 


dr dw 

dz ~~dx 0r ' "^00 ' 


ao 

dx 


0 W 

0M' 

0U’ 

0r 


cos 0 




sill 0 


0 




cos 


0 r |^+ ->g" [From (3) and (4)] 


cos 0 


-'■( a- 
\ dr 


+ i 


, av 


dr 


)si 


sin 0 


(cos 0 — / sin 0) 1^. 


2.53. Function of a Function. 

If w=F(C) and ^=f ( 2 ) arc analytic functions of X and 2 

respectively, then H- is an analytic function of r; for, if and 


exist, then being equal to their product also exists. 


2.54. Inverse Functions. Let Zq be a regular point of the analy- 
tic function »v=/( 2 ) at which it takes the value then 2 can be 
regarded as a function of w with Zq corresponding to Wq, i.e. z = F (iv). 

/' “0 ^ regular point of z=F (u) That this condi- 

tion is necessary* is obvious. For, if F i\v) were analytic in a 
neighbourhood of h’q, F' (Wq) would be finitej since, however, 

F' (h’o) = 4 -'/, (*o) cannot be zero. 

J \^o) 

The function Zi=F{w) is called the inverse function oft^=/(4) . 

•Note. The proof of the sufficiency of the condition is beyond 
the scope of this book. 

E». 1. If f iz)=x^y{^y—ix)l{x^-^y% ; f (0) = 0, firove ///at 

[f(^)—f(0)]/-Z~i^0as-Z~*0 along any radius vector but not as Z--*0 in 
any manner. {cigra, 1945') 
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Let Z. move along^=ffzA:, then 

Lt /(^)-/(0 )_ Lt -ix^yixMy) 

Z^O Z Z~*0 


z 


Lt 


— tmx* 


(since y^mx.) 


x-^0 x® + m*Ar® 

=0. 

If z moves along the curve 

Lt /(«)-/(0) Lt -i>“ * „ 

Important Notes, f (^) may not be analytic if we merely know that 

/(^)-/(^q) 


a limit along two straight lines at right angles. 


Actually the detinition fails if we restrict ourselves to any special class 
of paths. 

Ex. 2. Prove that the fuction it-\'iv=f{z)i where 

/(,)=^(i±i)^(L:0 (,^o)./(0)=o 

is continuous and that the Cauchy^Riemann conditions are satisfied at the 
origin,yetf\0) does not exist. {Agra 1946^ 56) 

Here M = — =- — ^ , and 0 = — t~~. At the origin, tt = 0 and 

X‘4-y^ ^ ’ 

0=0, sincc/(0) = 0. Hence, /{z) is continuous everywhere as both 
u and V are continuous everywhere. 

At the origin, ^t ^0)-«(0J)X = Lt * 

® ’ a.v .r^o x~>0x ’ 

3^^ Lt h( 0, 0) Lt —y _ , 

dy y j. » 


o (r, 0)~o(0, 0) 
dx “.X^O X 


Lt 

.r->0 r 


= 1 , 


and K0,^)-o(0, 0) _ Lt 

dy y^O y y-^Oy-^- 

Hence, the Cauchy-Riemann conditions arc satisfied at Z=0. 


Again, /'(O) 


_ Lt /(^)-/(0) Lt_ 


^->0 ^ '^-^0 i xi-^yi 


■ 

r-fiy J 
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Lt ( 1 + 0 {x^ + ly ) (* — i>’) 

_ Lt (1+0 [x*+y*-\-i x j>{y-x^) ] 
z-^O 


(x^+y)^ 

Now, let Z move along ^= a-, then/'(0)=4 (1 + 0- 

A>-. /'(«)=( 57+ 

Hence, /'(O) is not unique and, therefore, does not exist. 

Note. The partial derivatives of the first order u and v must 
be continuous, otherwise the function will not be analytic. In this 
example the partial derivatives of the first order of u and v are not 
continuous. Thus, the function /{z] is not analytic at the origin. 

Ex. 3. Show that the function f{z)=e-- {z-fO), f {0) = 0 is not 

analytic at Z = 0, although the Cauchy-Riemann conditions are satisfed at 

that point. 

Wtrc f'{z')=^Z~^ e~~ ’ which e.xists for all finite values of ^ 

except 4:=0. 

Lt u{x, 0)-tf(0, 0) _ !!! =0 

-^“0, - — ;t:_>0 X X 

9“ _ Lt CLLo — =0, 

gy >0 y ’ 0x .V-->0 X 


and — = _?-= • SO that the Cauchv-Ricmann conditions 

dy y ' 

are satisfied. 

Inspitcof this, /( 4 ) h not analytic at ^ = 0. For, suppose that 

then f(Z)=e~' , which tends to infinity as 

r->0. Thus,/(^) is not continuous at ^=0, since/ (0) ^0 and hence 

cannot be analytic there. 

Ex. 4. For what values of Z do the functions defined by the folio- 
wing equations cease to be analytic ? 

(i) Z — \og P+ i 0, where i^ = p (cos 0-\-i sin 0). 

(ii) e=sinh u cos &+ i cosh u sin v, where w=u+io. 

(i) ~=(cos 0 — 1 sin 0'~ [Sec § 2. 52) 
dw or 
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ir 


cos 0 +i sin 0 P L 


since log P + i 0, giving 


d? 


-I] 


I 

w 


Hence, we conclude that w is an analytic function of -c so long 
as ^^5^0, i.tf. so long as «; is not infinite [§2.54]. 

Now w cannot be infinite unless p is infinite, i.e. z is infinite. 

Thus, there is no point in any finite region where ^=0. Hence, w 

is an analytic function in any finite region. 

(ii) ^ = sinh u cos v-}-i cosh it sin v. 

Here =cosh u cos i> + i sinh u sin v. (1) 

(Iw du ^ 

Now z"=(cosh®M— 1) cos*v— (1 +sinli*w) sin*v 

+ 2 / sinh u cosh u sin v cos v 
= (cosh u cos v-r/ sinh u sin v)® — (cos-v+sin*^’) 

Hence, w ceases to be analytic when ^ =0, i. c., when z= ±i. 

2.6. Harmonic Functions. Let the function f{z) = u-\'iv be 
analytic in some region of the z-plane, then 

0M dv_ 

'dx~dy' dy~ dx 

and, therefore, 

d-ti 0*1/ 3 *v 


( 1 ) 


e.v* e.v0>-’ 0>-*' dydx' 

Assuming that partial derivatives of « and v of all orders exist 
and arc continuous functions of .v and >*,* it follows that 


* This will be ertablished in § 4.31. 
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a^v 

0A:a>' a>'aA: ’ 





throughout the region. Equation (3) is known as Laplace's Differ- 
ential Equation and is of prime importance in theoretical physics. 
Any function that has continuous partial derivatives of the first and 
second order and that satisfies Laplace’s equation is called a Har- 
monic Function. 


Again, differentiating the first equation in (1) w.r.t. y, the 
second w.r.t. x and subtracting, we get 


-^+^^=0 
dx^ ^ dy- 

which shows that v is also a Harmonic function. 



Hence, if/( 2 )=u+iv be analytic both u and v satisfy Laplace’s 
equation 


d^V 02K 
dx^ ■*" ay* 

and are called conjugate harmonic functions (or simply conjugate 

functions). It may be noted here that this is a different use of the 
word conjugate from that employed in dehning z. 

It also follows from equations (I) that 

dx ' dx'^dy ■ 


The geometrical interpretation of this relation is that the fami- 
lies of curves u{x, y) = c, and v(^. y)=c, in the ;ty-plane. intersect 
at right angles at all their points of intersection. For, from 

y)=ci, we have ~ flx-{-~ dy=0, or I 

dx dy dx I 0 y * 


Similarly, from v{x, y)==Cz we have 

dx dx I 0y‘ 
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curves and v— Ca intersect at right angles, then 



du f du \ 

dx I dy ) 


^ ^x{ dy 


— 1, which reduces to (5)- 


Thus, the families of curves w=Ci, v=C 2 arc orthogonal 
families. 

2.61. Determination of the conjugate fnnction. If one of the 

two conjugate functions be given, the other can be determined by 
the use of Cauchy-Riemann conditions. 

For example, if u(.x, y) is a harmonic function in a given finite 
region, then 





dy is a perfect differential, 


since — ^ ^ from §2*6(3) ; 

and the conjugate function v can, therefore, be determined. 
2.62. Determination of the analytic function /(z) =1/4*1 v, 
when either u or v is given. 

Method I {due to Milne Thompson). Since x—^ (24-?)i 3^=^ 

(z— r),/(r) can be regarded as a formal identity in two independent 
variables z, z. Putting z=z, we have x=z, and y=0 ; 

/(z)^«(z, 0)+/ v(z, 0). 


Now, = 


ditions. 


dx * dy * 


by Cauchy-Riemann con- 


Hence, if we write ^- = 0j (xj’)» and =0^ (x,y), we have 

dx d y 

f (^)= j* {01 (->0)— ' 03 (-> 0)} dz-^Cy where c is an arbitrary 


constant. 
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Similarly, if v is given, it can be shown that 
f{z) 

0 V 0 V 

where c is an arbitrary 

0 y o-x 

constant. 

Method II. {due to A. Oppenhehn). If only the constants 
occuring in f{z) be replaced by their conjugates, let the function 

obtained be denoted by 7(z). It follows that 7(2) =7(2), where 2 
is the conjugate of 2 and f{z) the conjugate oif{z) as usual. 

Thus, if/(z) = u(.Y,>') + /v-(>:,;*). theny (:•) = (/( a-,>')-'K-v,>') 
Hence, 2u=/(z)+7(2)» 2/v=/(z)— /(:)• 

Now, regarding / (z) as a formal identity in z and z as in 
Method I above, 

we have /(z)4-/(-) = 2» “^7“) * 


and = (2) 

Thus, when either m or v is known as a real function of x 
and the function f{z) can be determined by inserting in (1) or (2) 
a convenient value of z. 

Putting z = 0, we have/(z) = 2u ^- 2 “’ 2 /) 

and /(z) = 2/v +Ci, (4) 

where Ci is a constant. 

Hence, if » 2/') ’ (t’ '2i ) determinate, the 

relation (3) or (4) can be used to find oul/(z), but see Ex. 4 below. 

Ex. 1. Given u=x^ — Zxf, show that there exists a function v{xo) 

that w^uA-iv is analytic in a finite region. Determine the function v{x^.y). 

{Agra 1949y ol) 

The given function satisfies Laplace’s equation ; for, \vc have 
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By using Cauchy-Riemann conditions, we see that 

dx ^dy dy dx 

— Qxj! dx-{-{Zx^—^^) dy. 

Solving this perfect differential equation, we have 
y=3A:^--j'®-fc, where c is an arbitrary constant. 

Hence, the harmonic conjugate of the function u=:^—^}y^ is 
v=3x^y—y^-\-c. The corresponding function^ {Z)—u-\-iv is 

/ (C) = _y + ( 1 ) 

= {x-hiyY+ic=Z^^ic, ( 2 ) 

This form is suggested by noting that when^=0, equation (1) 
becomes /{x)=x^-\-ic. 

From the form (2), it will be at once seen that it is analytic in 
any finite region. 

Note. The analytic fuction f (^)s=t/ + ty corresponding to the 
harmonic function can be easily determined by §2.62 Method II. 

We have / (^) = 2w "'here c, is a constant 






r,. 


E.X. 2. Show that the function u=^e^ {x cos y—y sin ^') satisfies 
Laplace's equation and find the corresponding analytic function tt+tt'. 

{Agra 1957 ; Vihram 1959^^ 

Method 1. Let =€* (x cos_>'— sin_j’) + ^osy=^i{x,y), 

cx 

sinj— >■ cosj<-sin_v) = .^3 (x,>) 

oy 

then the corresponding analytic function f (■;) = tt4-iV is given by 
/(■C)= — i 4>2 (^»*^)} dj'-^Cy where c is an arbitrary 


constant. 
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Method 11. 


/W= 2« ( 

' ^ 

+^ 1 , where c-y is a constant 

= ' [ 


f Z Z 

-27^’" 27)]+^* 

e''>^ ( 

r 

COS • 

z , . . z 
2- + > 


= Ze^-\-Ci 

4 




Ex. 3. Prove that, — both u and v 

satisfy Laplace's equation, but that uy~iv is not an analytic function of z. 


We have 



dv 2xy 2y{y^—^x^) Zv y^—x^ 


dH_ 27(3.t^- y) . 

ay (;t*+y)=’ ’ 




=0, and 


a-v^'^ay 


Hence, both u and v satisfy Laplace’s equation. Still «-f : v is 
not an analytic function of Z, as Cauchy-Riemann conditions arc 


not satisned, since — ^ - and — . 

dx dy dy dx 

Ex. 4. If f [z)=u-\-iv is an analytic function of z=x-^i y, and 
2 cos x—e''— 7^v' subject to the condition f (Tr/5)=6». 


{Agra 1943) 

Method I. If uA-iv=f C^), iu~v = i f{z), and by addition, 

u — vA-i {uA-u) = {l-\-i)f{z)^'P{Z), say (I 

Hence, U = «—t; and V=tt+i/ are conjugate functions, being 
the real and imaginary parts of the analytic function F ( 4 ). Simpli- 
fying the given expression for u — v, we have 

u = } ri^ sinx+sinhj .-7 
^ L X— cosh^ J, 


(2) 
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^ , 3U , l+sin a: sinh y+cos AT cosh 

from which we get — =i. (cos *-cosh 

^ , -l+sinA'sinh^+cosArcosh^ , /...a. 

and — / .A 2 92{x>y)y 


dy 


(cos X — cosh_y)' 


FC-)= J {^1 (-^>0) — i ^2 dZ-\-c, where c is an arbitrary 


constant. 


“f (“■ l-cos«+ 2 'l-cos i) 

= i (1 + 0 J cosec2-^(/^ + c 


= — i:(l + z) C0t-J5- + C, 


and from (l),/(-2)«“i cot where is a constant 

such that / (tr/2)=0 = — J+c', i.e., r' = ^. 

Hence, /(^) = J ^1— cot-^^. 

Method II. We write F (■?:), U and V as above. In (2), if 
we put and_>'s=^ the denominator of the fraction becomes 




cos — cosh ;p- = 0 ; so we cannot use § 2.62 (3). From §2.62 (1), 


F(c-) = 2U -F(5). 


A convenient value for C in this identity is tt, and this gives 

sin i (■: + 7r) + sinh 7r) 

F (c) = 1 -F(Tt) + ' ‘ 


cos i (C + x) — cosh ~{Z—n) 

^ t 


( 


cos -„• + — :- sin 


2^ )/(-=“ 4 
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(1 + 0 cos ^ 
^ =fi-J(l+0 cot 


-2 sin 


If follows that/(^) = A:-i 



where the constant k Is 


found by putting 


7Z 


^=— , which gives 


0 = ^-^ 


Hence, 


/{^) = i (l-COt 



1 . 


2 . 


Exercise 2 (a) 

Find the loci of points Z satisfying the following relations 


(i) 0 < Re {iz) < 277 

(iii) Im {z-)=a (^0). 


(V) 

(vii) 

(ix) 


< 

I =a>0. 


(ii) Re(^0=«(=0) 

(iv) 

(Vi) 


^2 — ^ I <1. 
i ^ 


<d, d>0. 


z-l 




(viii) 


i Z — Z 


z + l 

Z — a I + 1 Z-b 1 <A:, *>0, 


z~z. 


= 1 . 


If (^) = --^'':±i^^-(-J 5 ^ 0 ),/( 0 ) = 0 ; prove that -.0 

as ^—>0 along any radius vector, but not as >0 in any 


manner. 

3 Show that the function /(^)— V I analytic the 

origin, although the Cauchy-Riemann conditions are satisfied at 

that point. 

4 If n is real, show that r" (cos nO+i sin nO) is analytic except 
possibly when r=0, and that its derivative is n r” [cos («— 1)U 
+ i sin (h — 1)0J. 

5. For what values of 4 do the functions w defined by the following 

equations cease to be analytic ? , . • » 

(cos «+i sin u). (ii) ^=sin u cosh c+i cos u sinh v. 

6 \i f{z) = u->riv is an analytic function of z—x-\-iy and ^ is any 
function of X and> with differential coefficients of the first two 

orders, show that 
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and 

(ii) - 

av 

dx^ 

7. 

(i) ( 

is an 



dx^ 


(Ji) ( 

a® 

dx^ 

and 

(iii) ( 

a^ 

ax* 


3V aV , a¥ 


aj 


-(■ 


du- 


+ 


ai- 


2 


7557 , ’ 5 ^) 


+-|^) l/(^)l^=4 1/^{^)r; 


97 

a=* 


+ ^) I/(^) I l/W I l/'W 1 =* ; 


,2 


8. If w=f{z) is an analytic function of z such that /'(z)'^0, prove 
that 

(^+-^) '°g l/'W I =0. 

\f'{Z) \ is the product of a function of x and a function of^^-, 
show that 


where a is real and p and y are complex constants. 

9. Prove that m==)i^ — 3 is a harmonic function. Determine 
its harmonic conjugate and find the corresponding analytic 
function in terms of Z. 

10. Prove that the following functions satisfy Laplace’s equation, 
and determine the corresponding analytic function u-\-iv in 
each case : 

( i ) H = .if3 - 3^1,2 + 3^2 _ 3^,2 + I _ 

(ii) tf = sin X cosh_)’+2 cos x sinh^ +4 xy. 

11. If ^ and ^ are functions of X and satisfying Laplace’s equa- 
tion, show that j-fi t is analytic, where 1.^ and 

07 dx 

'“a;c+a7- • 


{Agra 1936) 
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12 . 

13 . 

14 . 

15 . 


Iff {z) = u-\-iv is an analytic function o[Z = x-\-i)>, and 
u—v=e* (cos_>'— sin^), find / (-C) in terms of Z. {A^ra J952) 
If be an analytic function of 4’ = . r + /,>', and 

u — v={x—y)(x^+^xj>A-y^)> find / (z) in terms of -r. (A^rc 1942) 
Determine the analytic function f {■c) = w + /y, given that 
u + t-=(2 sin 2;r)/(e2*'-fe-2!'— 2 cos 2 x), 

If/(^) = « + iy is an analytic function of Z=x-)-iy, and 
u^v={e^—cos x + sin x)/(cosh y — cos x) 


3-1 


find/(^) subject to the condition /(7r/2)=: — ^ 




Using Euler’s theorem that, ifi/is a function ofx,^ which is 
homogeneous of degree m, x ^xA’y Uy-=m u, show that, if u also 
satisfies Laplace’s equation, it is the real part of a function/(-C) 

such that /(^) = x + — C>«x— ^«v)- 
Determine /(■?), when 

(i) u = x^—Zx^\ (iii) u=ax'^-\-2bxy — ay‘; 

(>■) "= Jiy 

If f (^) is analytic in a domain and /' (-2)^0, \f{^) \ 


show that the function 


ii»=log satisfies the partial 


differential equation 



OO 

2.7. Power Series. An infinite series of the form ^ — Zo)", 

«=0 

where the variable z and the constants z^, a^, are, in 

general, complex numbers, is called a power series. If Zo=0, the 

OO 

power series reduces to the simple form ^ a„z”, (1) 

n = 0 

which may be considered as a typical power series. 

The convergence of the series (1) can be discussed exactly in the 
same way as in the case of a series of real terms. The absolute 
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convergence of the series (1) follows immediately from the conver- 

OO 

gence of ^ | | | z | ", which is a series of positive real terms, 

o 

- 1 

Let Lt I On l" =-5-, then by Cauchy’s root test, the series 
n — ► 00 ^ 

(1) is absolutely convergent if | z 1 and divergent if | r | >i?. 
The number R is called the radius of convergence and the circle 
I z I —R is called the circle of convergence of the power series. 
The different cases to be considered are : 

(i) 72=0, (ii) R finite, and (iii) R infinite. 

When 72=0, the series is convergent only when z=0 and the 
case is trivial. When 72 is infinite, the series is convergent for all 
finite valves of z. When 72 is finite, the series is convergent at all 
points within the circle \z \ =72 and divergent at all points out- 
side I z I =72. 

We shall now show that within its circle of convergence, a 
power series represents an analytic function. Later on (§4.5), we 
shall see that, conversely, an analytic function can be represented by 
means of a power series. This shows the great importance of power 
series in the evaluation of analytic functions. 

Theorem, /f a power series has a finite non-zero radius of 
convergence, its sum is an analytic function at every point within its 
circle of convergence. 


CO 


Let /{c)=^a„Z", whose radius of convergance 72, is a non 

0 


00 


zero finite number, and Ietg(r)= ^na^z”-^, 

1 


(2) 


Now, if 0<p<72, (7„p" is bounded, i.e. | n,.p" | < M, say. 
Further, let | 2 | =r, \ h [ =e, then if r<p and /■ + £<?, 


(z+hY~^ 


h 


= — 2 ■ 


Now 
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^-^LtUt-s ?-r) {?-/■)- J (P-r-£)(?-0-’ 

which tends to zero if s— I \ -^0- follows that /(r) has the 

derivative g{z). This show that f{z), which is obviously onc- 

valued when ] 2 1 <7?, is also differcnliable. Hence /(^) is analy- 
tic within 1 2 I = 7? and its derivative can be found by term by 
term differentiation. 

■- - 1 r Jr ■ 

Now, since Lt \ «<*„ 1 '* = Lt 1 I ~~R\ ‘ ^ 

it follows that the series (2) has the same radius of convergence Ji as 

the scries (1) whose sumis/(z). By applying the theorem to the 
derived series (2), we see that g (z)=/'( 2 ) is itself an analytic func- 

OO 

tion in 1 2 I <7? and that its derivative is^rt(n — ^^nd so on. 

By continuing in this way, we can show that a power series can he 
differentiated term by term as often as we please at any point within 

its circle of convergence. 

Note. A more general theorem is proved in § 4.42 by using 
the properties of uniformly convergent series. 

2.8. Some Elementary Functions. Wc shall now consider 
briefly some elementary functions, which are easily seen to be 

analytic. 
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I. Rational Functions. Every polynomial in z 

+ (7l Z + ^2^*+ • • • + 

is an analytic function for all values of z, since P{z) can be regard- 
ed as a powers series which is convergent for all values of z. 

The points at which a polynomial vanishes are called its zeros. 
Now assuming that a polynomial can have only a finite number of 
zeros, we see that the quotient of two polynomials {i.e. a rational 


function) 



analytic at all points except the zeros of 0 (z). 


Note. The words ‘analytic at all points or analytic in the 
whole ^-plane’ mean analytic for all finite values of 

II. The Exponential Function. We define the exponential 
function of a complex variable in the same way as the exponential 
function of a real variable. The exponential function of z=x+/ y 
is denoted by exp z, or E (z) and is defined by the power series 


£(z) =1 


-2 


oo 


ii 


= z 

o 


UL 


(1) 


Since, by Ratio test, this series converges for all values of z, 
it follows that the series (I) defines a function analytic in the whole 
z-plane. Differentiating the series (2) term by term, we see that the 
derivative of E (z) is E(z), i.e. E' (z)=E(z). Hence, if a be any finite 
constant, the derivative of the analytic function / (z)=£(z). £(a~z) 
IS zero. Thus, / (z) is necessarily a constant, whose value 
IS found to be £ (fl) by putting z=0 ; E(z). E(a~z) = E(a), 

or, putting n-z = zi, £(z)£(zi)= £(z+z,) (2)* 

Bccciusc of this result, which is called the odditioti theoretn of 
the exponential function, E{z) is conveniently written as e*, 

CO 


•n 




An important result which follows from the addition theorem 
(2) is that c ne\'er \’anishes at any finite point of the complex plane 
For, we have e~. e~'=e''~l ; 


♦The addition theorem can also be proved by multiplying two 
absolutely convergent series. ® 
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since e-= is a definite number for any finite value of z, it follows that 
e* can never be zero. 

It should be noted that is a purely symbolic notation for 
the series (1) and it should never be regarded as the 'z th power of e. 
Further, if y is real, 


OO / • Sn ,.2 pi 


7Z 4V w ^2n 

o — o 

= cos y + i sin ;’=cis y 


y2(l'l 

Se? 


•2 


Since, 


for real values of cos;’=l — rr-H- 


y 


11 ■ li 


.3 


> 

and sin ;•=;’ — + — 

Hence, = C's r- 

Thus, we see that the function e- is a period function w^iih the 
period 2ni’ since sin and cos >■ have the period '' “"y 

integer (positive or negative) or zero, then + — c" 

III. The Trigonometrical Functions. We define the trigome- 
trical functions of a complex variable by means of a power series 
just as is the case of a real variable. Thus, cos z and sin z are 

defined by the power scries 


1 

cos Z=l--j^+-j47 


and sin ~ 


CO 




o 


OO 


]2n ' 


,2n f 1 




(3) 


(4) 


It should be noted that cos z and sin z are symbolic notations 
for the scries (3) and (4) respectively and they lose the meaning 

given to them for real values of z. 

Since both the series (3) and (4) converge for all finite values 
of z. it follows that cos z and sin z are analytic in the whole 

z— plane. , . ^ 

Differentiating the series (3) and (4) term by term, we see that 


— (cos z)= -sin z, and (sin z)=cos z. 

dz 


dz 
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By changing z to — z in (3) and (4) we immediately see that 

cos (— z)=cos z, and sin (— z)=— sin z, (5) 

i. e. cos zis an even function of z and sin z is an odd function 

of z. 

Now, according to the definition of an exponential function, 
we have 


I liL ( il ■‘‘ii ) +' ) 


= cos z+/ sin z. 

Changing z to — z and applying (5), we get 


e ^==cos z—i sin z. 


Multiplying (6) and (7) and using addition theorem (2), 
we have 


.( 6 ) 

( 7 ) 


cos®z4-sin*z=l, 

which shows that the fundamental identity of trigonometry is true 
for complex values of the variable. 

From (6) and (7), we also obtain Euler’s formulae 


cos z=\ {e''-\-e~*% sin z=jj-. {e^'—er*^). 

These formulae can be used to give alternative definitions of 
cos z and sin z. 


Other trigonometrical functions are defined by the equations 


Ian 


sin z 

. cot 

cos r 


cos z 
— : — , sec 
sin z 


1 1 

, cosec z=s— ^ — . 

cos z sin z 


Clearly tan z, cot z, cosec z are odd functions of z and sec z 
is an even function of z. 

From Euler’s formulae and addition theorem (2) above, we get 

cos (z, + z 2 )=:Cos zi cos z.-sin zj sin Zo, \ ... 

and sin (Zi + Z 2 ) = sin z, COS Z 2 +C 0 S Zi sin Zo, J 

which sho\\’s that the addition theorems of trigonometry are true 
for complex values of the variables. It also follows that all the 
elementary identities of trigonometry, being algebraic deductions 
from the fundamental identity and the addition theorems, are true 
for complex values of the variables. 
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IV. The Hvperbolic Functions. These are defined in the same 
way as for real variables. Thus, cosh z, sinh z e^tc. arc defined by 
the equations cosh z = h{e~ + e^’), sinh z = A (e- — e ), 

sinh z * ^ 


tanli z= 


cosh z 


1 


> "= ^SiiTT’ sinh z 




oo 




Since the power scries for cosh z, i. e., ^ is convergent 

for all values of z. it follows that cosh z is an analytic function m 

the ^ analytic function in the whole z-plane. 

The following important relations can be easily proved : 

cosh* z-sinh* z=l. ^ (cosh z)-sinh z, (sinh z)-cosh z, 

( 9 ) 


cos / z=cosh z, 
cosh i z = cos z. 


} 


sin iz— / sinh z, 
sinh iz = i sin z, 

With the help of the relations (9), the properties of the hyper- 
bolic functions can be deduced from the corresponding properties 
of the trigonomelrial functions. 

Notel. Functions which arc analytic in every finite region 
of the plane are called inUgrai (or entire) /unctions. Thus, t-, sin 
cos 4, sinh -e, cosh ^ arc all integral function. 

Note. 2. A function/ (^) that can be exprpsed by means of 
the operations of addition, subtraction multiplication, division with 
polynomials, exponential and logarithmic functions is called an 

elementary function. 

2 9. Many-valued Functions. So far we have been considering 
analytic functions which we defined* to be necessarily one-valued 
(or uniform). However, several elementary functions such as 

log z, tan-' z. z*(a not an integer) etc are many-valued, i.e., 

have more than one value for each value of z. The idea ol 
many-valuedness is very well illustrated by considering the 
simple function h'=z* which is two-valued. 
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/O i 

If z=re^ . the function n'=r- has the two values 

/o . / » \ 

u’i = v r e , u\ = Vr e = — n\. 

Either of the two functions m\ and m-., which represents is, 
however, analytic except at r=0 ; and the two functions are called 
the branches of the lwo-\alued function u-. 

A branch of the many-valued function/ (r) is any one-valued 
analytic function that for each r assumes one of the values of / {z). 
The requirement of analyiiciiy pre\cnts a branch from taking on a 
random selection of the values of J'{z). 

For 0 = 0, U;.= — v'7” and both the branches arc 

one-valued functions of r defined for all values of r. As 0 varies 
from 0 lo /.c., the \ariable r describes a circle of radius r about 
ihc origin, n'l \aries continuously from \/~r the 

final \aluc is u,,, If, however, r describes the circle [cj a 
second lime, ihe values of conlinue those of iij, and at llie end of 
the second circuit along ihc positive real axis. 


If ihc circuii described by z does not enclose the origin, 0 will 
regain iis iniiial value and ir, and m, will retain their initial values. 

The branch \\\ is clearly discontinuous at points on the posi- 
tive real axis, since 


0 


Lt (x 


^ ft 


r - ) = - v' V/ ^vhile Ll - ^VT 

0-^-0 

i.c., the values just below and just above the real axis differ in sign 

and are not zero .except at the origin itself). Hence, — does not 

az 


exist when r is real and positive. 

Thus, v\e see that the equation w = r- has no continuous one- 
valued soluiion defined tor the whole complex plane, but it delines 
a ivvo-valucd function of r. Each of the branches is a one-valued 
lunction in the j— plane if we make a narrow slit, extending from 
the origin to infinity along the positive real cxis. That part of the 
real axis lor which a ' 0 is called a branch-cut (or cross-cut) for the 
branch h , and the brancli is analytic except at points on this cut. 
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The cut is a boundary introduced so that the corresponding branch 
is one-valued and analytic throughout the open region bounded by 
the cut. The open region bounded by the cut is spoken of as the 

cut-plane. 

It should be understood here that we chose for convenience the 
positive real axis as the branch-cut. We might equally well have 
taken the negative real axis ; or, more generally, any Jordan arc 
extending from a=0 to infinity. Since the cut serves to make 0 
unique, it is clear that every branch cut for the function must 
begin at the point z = 0. Such an origin of branch cuis is called a 
branch point of the function. Since the values of u'l and u-, are inter- 
changed as z describes a closed path about the origin, a branch 
point may also he defined as that point such that some of the branches 
of a many-valued function interchange as the independent variable 
describes a closed path about it. Since turning about z = - means 

describing a large cricle about the origtn, the point z=oo is also a 

(conventional) branch point for \v = 2 ^. 

The function w = is two-valued in any region which contains 

either of the branch points ?=0 and z = oo, and thus r! cannot be 
analytic throughout these regions. We conclude, therefore, that 
z=0 and z = oo arc singular points of the function u-= 2 k A branch 
point of a function /(z) can thus be defined as a point z, such that 
in no neighbourhood 1 z-Zo | <e is the function /(z) one-valued. 
If the function / (z) is /i — valued in a neighbourhood [ z — z„ j of 
the point Zp, we say that Zp is a branch point of order (/i- I) of /(z). 
2=0 and z = =» are branch points of the first order of the 

function »v = zk 

In the case »v = zi, z = 0 is a singular point of each of the 
branches. In general, a branch point may not be a singular point 
for every branch of a many-valued function but it must be one for 
some of the branch points. 

Note 1. It should be noticed that a branch point is not neces- 
sarily an infinity of the function. 

Note 2. The regular and singular points of a many-valued 
function cannot, in general, be defined so simply as in the case of 
onc-valucd functions and the particular branches should be consi- 
dered scperately. A regular point of a branch is defined in the same 
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way as for a one-valued function. A singularity such as a branch 
point cannot, however, be assigned to any particular branch. 

2’91. The function w=\/(z—Zi) {z—z^. .(z— z„). 

This is a two-valued function whose branch points are z=Zi, 
z=Z 2 ,...i z=Zn « is even. If « is odd, z~oo is a branch point in 
addition. 

When n is even, the z— plane is cut along straight lines joining 
pairs of points Zr, z^ (r, 5=1, 2, 3,..., ti) and when n is odd, one of 
the points is joined to z=co. When cuts are made in this 
manner, each of the branches is analytic on the cut-plane. 

Note. When n is even, z=cio is not a branch point. 

2'92. The Logarithmic Function. The logarithm of a complex 
variable is defined in the same way as the logarithm of a real 
variable. Thus, log z is defined by the equation Unlike 

the corresponding equation in real variables, this equation in 
complex variables has an infinite number of solutions and each 
of these solutions is called a logarithm of z. If v, then 

c“(cos v-f/ sin v)=z. 

It follows from this equation that v is one of the values of 
amp z, and e“= | z | ,i.e. »=log \ z \ . Hence, every solution of 
e^=z is of the form 

u'=Iog I z I 4-/ amp z. (1) 

On writing z—re^^ and denoting the function w by Log z, the 
equation (1) becomes 

Log z=log r + zQ, (2) 

where 0 is defined only upto integral multiples of Itt, so that log z 
is an infinitely many-valued function of z. Each value of 0 determines 
a branch of log z. When the value of 0 is restricted to the interval 
— 7r<O<0, we gel the most important branch of log z which is 

*0 

called its principal value and is denoted by log z. Thus, if z=re^^ , 
~r<0^ir, then Log z=Iog z4 2 mtt/, where n is an integer, positive, 
negative or zero. 

Hence, we can pass from the principal value to any other 
branch of log z by surrounding the origin a suitable dumber of 
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times. The origin is, therefore, a branchpoint and is known as a 
logarithmic branch point. 

The restriction which determines the principal 

value of log 2, prevents the passing of the point z along the negative 
real axis. If the z— plane is cut along the real axis from z-0 to 
2= -00, every branch of the function log 2 will be an analytic 

function on this cut plane. 

The cut along the negative real axis is a matter of convention 
as explained in § 2.9, we can place the cut along the positive real 
axis or along any line from z=0 extending upto infinity. 

2.93. The Functions aSz-. If a and 2 denote any complex 
numbers, provided 0=0, then the general exponential function o- is 

defined by the equation 

2 zLog a ^z (log 0 + 2 nizi) 

Hence, oMs an infinitely many-valued function and its principal 

value is the analytic function given by / ", where log u is the 

principal value of Log a. The other values of corresponding 
to the different values of Log a are called its subsidiary values. 

The general power function z“ is defined by the equation 

If the z-planc is cut along the negative real axis from z=0 
lo every branch of log z is an analytic function on this 

cut-plane and thus 2“ being an analytic function of an analytic 
function is also analytic on the cut-plane. The principal value of z“ 
is defined as the analytic function 

2" 

in terms of the principal value of Log 2. 

Ex. 1. Show that the values of i‘ are all real. Find the principal 

value. 

Wc have Log ‘ 

= .i t'og ! + '■ + , „here n=0, ± 1 , r 2 

_ („=o, ±1. ±2 ), 

which shows that all the values of are real. 
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Since the principal value of amp the principal value of 

Ex. 2. Jf w=sin-^Z, show that log 

according as the integer m is even or odd^ a branch-cut being made along the 
real axis from 7 /o oo and from — oo to — 7 to ensure the one-valuedness 
of the logarithm. 

We have . 2 :=sin w=^ 

i, e. e-^^-‘lize^'°~l^0 ; 

/. e^'°=iZ±y/\^^-y 

and ^£)=sin“*^=-Y Log {iZ±.-\/l~z~). 

If iwo is one of the logarithms of iz-j- y/ T-r*, the others are 
iwo + 2rmi, where h= 0, ±1, ±2, On the other hand 

iz — '\/Y^i = — t:; — SO that one of its logarithms is 

iTz — iu'd, and, therefore, the others are rrr— iitoH- S/mf. 

Hence, «/=i£.'o+2«7r, or ir— tt^o+2n7r, 

i.e. =m7r±-^ log (ic+ 

the sign taken being — or +, according as the integer m is even or 
odd. The many-valued character of w arises because of w involving 
two many— valued functions, i. e., and tlte logarithm. The two 

branch points of Vt^- arc Z = ±\. VVhen c describes a closed path 
about c = l or C= — l, the amplitude of 1 — . 2 * jg increased by 27r, 
i. e.y the two branches of are exchanged. 'The branches of w, 

therefore, are exchanged along (1, <») and ( — 1, — oo) and if the 
C— plane is cut along the real axis from 1 to co and from — ©o to — 1, 
each of the branches of w is one — valued on the cut — plane. 

Exercise 2(b) 

1. Determine where the following functions arc analytic : 

, sinh-C 


siiK-bcosc’ 

2. If cos (a+ifi) cosh (.¥H-i» = l, where a, p, x,j> are all real, prove 
that, in general, tan a tanh A— tanh x tan^. 


(i) tan^ = 


sin Z 
cos Z 


(iii) 


€- 


ZCOSZ 
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If tanh (u + h)=x+ij', where K, r-, x,j arc real, find at and j- in 
terms of u and v. Find the values of « and v when a 1. 
Prove that the conjugates of the complex numbers sin < and cos ^ 
are sin2 and cos: respectively. Hence show that ^ 

sin 1 (cosh 2^’-cos 2a), 1 cos ^ [ - = i (cosh 2 j> + cos.a). 

sin 


Prove that sinh | Im z 1 




cos 


Deduce that 1 sin ^ | and j cos < 


< cosh I Im z 


tend to infinity as Z tends to 


infinity in either of the angles £< amp ^ + amp C 


<2?: — e, where 0<Ce<C-»y* 

Determine all analytic branches of the many-valued functions 
in the domains given : 

(i) Log A<0 ; (ii) ^■>«- 

r • ff \ 1 , ^ a'cc-l)---(«— » + l ) . j 

Prove that the function /(-:)“1+ Z |/i 

analytic when i ^ 1<1 and that its derivative is af{Z)Xl-\-Z). 

Hence deduce that /(■2) = (1+^)* 

Show that the general^ solution of the equation ^ = cosu; is 

w = 2n7t±i Log (” = 0, ±1, ). 

Prove that each of the branches of u; is analytic in the plane 

cut along the real axis from — co to —1 and from 1 to co. 

Show ihac ^ = where Chat branch of 

is chosen which corresponds to the branch of sin-^-C under consi- 
deration. 

Show that the general solution of the equation 5 = tan w is 


1 


u; Log 

^ I 




l-iZ 


Prove that each branch of this many-valued function is an 
analytic function in the plane cut along the imaginary axis 
from — coi to — i and from i to coi, and that the derivative ol 

each such branch is-p^g. Show also that, when 1^1 < 1, the 

1 -V 

principal branch is 
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11. Obtain the principal value of (l+>)*» 


Answers [ Exercise 2(a) ] 


1. (i) The infinite rectangular strip bounded by the real axis and 

the line parallel to the same at a distance — 2ir. 

(ii) & (iii) Hyperbolas (pairs of straight lines for 

(iv) & (v) Lemniscates. (vi) Exterior of the circle with centre 

at the origin, and radius (vii) The right half-plane in- 


cluding its boundary, (viii) The right bisector of the straight 
line joining and Z 2 > (ix) The interior and boundary of the 
ellipse with foci a, b and major exis k. 

5. (i) ^=0. (ii) ^=±1. 

9 . v=y^ — Zxy--\-c^j a real constant ; /(■C) = i^® + f2> ^2 ^ complex 
constant. 

10. (i) Z^+Zz^-\-c; 

(ii) (1-20 (sin Z+Z^)+c ; c an arbitrary constant. 

12. e’-\-c, c a constant. 

13. — c a constant. 




cot -z+r, c a constant. 


15. cot Y — O' 

16. {i)z^; (ii) ; (iii) (a-t *)^^; (iv) a does not satisfy 

Laplace’s equation, / (^) docs not exist. 

Answers [ Exercise 2(b) ] 

1. The functions are analytic except at the following points ; 

(i) '^+nTr; (ii) -^i-fnTri ; (iii) 0, ; 


(iv) 


TT 


+ nir, where n— 0, ±1} ±2, 
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3. xs=sinh 2«/(cosh 2«4-cos 2i/), .v=sin 2y/(cosh 2m+cos 2v) ; 
when x=>'=l, w = i log,5, J(n7r— tan-*2), where n = ±l, 
±3, ±5, 

6. (i) log r+i 0, ^+2rtir<0<5Tc + 2nTr, n = 0, ±1, ±2, ; 




+2/77r<0<-|^ + 2n:r, n=0, 1, 2. 


— -^ + 1 log \/2 

11 . # ^ 



CHAPTER TIT 


CONFORMAL MAPPING 

3.1. Conformal Mapping. Tlie relation n'=/(r) may be inter- 
preted geometrically and is then called a transformation or 
mapping. In the case of a real function of a real variable y=f{x), 
the relation between .v and v can be visualized by means of a graph 
in the .vy-plane. This important idea of a geometrical interpre- 
tation of the concepts of real analysis can, to a certain extent, be 
extended to the case of complex functions of a complex variable 
However, since r and ir arc each defined by a pair of 
real numbers, a geometrical interpretation of the function u’5=/(r) 
would need four real numbers, thus making it necessary to use 
four-dimensional space which is not convenient for geometric 
\ isualization. To get over this difficulty, separate planes are used 
for the two variables, r-plane for the r-points and ic-plane for the 
»v-points. 

Corresponding points in the two planes are called images 
of each other and the point z is said to be transformed into (or 
mapped upon, or represented by) the corresponding point or 
points »f by means of the transformation H’=/(e). The term 
‘transformation, or mapping’ is really justified only when the corres- 
pondence between r-poinis and »‘-poinls is one-lo-onc, i.e.. to each 
z of a domain D in the r-plane corresponds just one w—f (r) of a 
domain D' in the ir-plane and conversely. 

Some simple properties of these mappings arc obvious. For 
example, if n’=/(r) is analytic in a domain D of the z-plane, any 
continuous arc contained in D will be mapped upon an arc of the 
same nature in the ir-plane. Writing n‘= v (.v, v)-h »v (.r, .r), where 
r — -Y-i i)\ the map of ihe arc c— -v(/)- /y (/), to^/<r„ is the arc 
[.y(/), .i‘(/)]-|-»v [.v(r), y(/)) which is continuous, since m and v 
are continuous functions of /. Similarly, the map of a differentiable 
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arc in a domain Z), of the r-plane is also a differentiable arc in the 
corresponding domain of ihe u'-plane. 

When/(z) is analytic, the mapping from D, to lias an 

additional property of being con/orma/. A mapping from to Z>^ 
is called conformal if it preserves the angle between two differen- 
tiable curves in magnitude as well as in sense of rotation. 

Note 1. Some writers use the terms conformal and isogonal 
in the same sense. 

Note 2. IfKi=/(^) maps a domain D. conformally on a 

domain D^, the function is said to be simple in D^. 

3.2. Theorem. If the function f{z) be analytic in a domain D of 
the z-plane, then the mapping u’=/(z) is conformah provided f (z) =^0 


in D. 

Let 2o be an interior point of Dy and Cj and be two dirferen- 

liable curves passing through z„. Let the tangents atr.toC, and 

Co respectively make angles aj, with the real axis. 

Now take the points Zy and Zo on C, and Cg respectively, and 

write z, = z, + rc'®", r, = ^.+re'■®^ so that as r-»0, 0.->a., 

Let the points »•„. »■„ tr, in the ti-plane correspond to the points 
r., Z„ rz in 'he z-pinne and let C'„ C\ be the maps of C„ Q. so that 
and w, describe the differentiable curves C\ andC'j respectively. 

Further, let and u'2-iv„=p2e''^". so that 

as Pi^O and 

Since f{z) is analytic at r„, the derivative of the function at z<, 

P, e^^i 


/'(0 = 


Ll 


Zi—Z„ 


^Lt 


re 


id • 


( 1 ) 


» I 

Tf/'(^«)^®» it can be written in the form R^e then from (1), 


lOi 

re ^ 


( 2 ) 


Hence, Li (^i — 0^) — tpot i-^-t Pi — {^) 

Thus, the tangent to the curve C\ at w„ makes an angle ai-f i//« 

with the real axis, /.e.. the directed tangent to the curve C, is 

rotated through the angle 
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Similarly, the tangent to C', at makes an angle 

^^=oc 2 -l-«^o (4) with the real axis. From (3) and (4). it 

follows that ^ 2 — iSi=a 2 — aj. 

Consequently, the angle at z„ from C, to Cj is the same, both 
in magnitude and sense as the angle at u’., from C'| to C' 2 . provided 
J Ibe mapping is conformal. 

A point at which /'(r)=0 is called a critical point of the 
mapping. We discuss below this case in § 3.22. 

3.21. Geometrical Interpretation. From equation (2) above, 

P P 

we have Li ^ , or-^* = where e--0 as Zj-^Co* 

Hence, in a neighbourhood of the point z,„ the ratio of the 
magnitude of an clement of the resulting configuration in the »f-plane 
to the magnitude of the corresponding clement of the given confi- 
guration in the r-plane is approximately | /'(?<>) | 1 which may 
be called llie ratio (or coefficient) of linear magnification. Since is 
constant for /.c., the magnification is the same in all directions 
through the point r,„ we conclude that the image of each small 
figure near the point r„ conforms to the original figure in the 
sense that it has approximately the same shape. Large figures may, 
howe\er, be mapped upon figures totally different from the original, 
since the cocfiicienl of magnification and the angle of rotation both 
vary from point to point. 

3.22, The case/'(r) = 0. If the first (h — 1) deiivalives of the 
function /(c) vanish at r,„ while /'*(r„)=iO, then in the neighbourhood 
of c„, we ha\c, by Taylor’s theorem (sec § 4.5) 


CO 


k -n *— 


Hence, f {cx)-f{Zf^) = o„ (Zi-Zo)"+ 

fl/ -• \ 

where ‘.--0; 

or u',-M’o=r7„(r,-ro)"-^..., 

or = I , where A = amp ^7,,. 
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Taking limits, we have = <^, = na,H-X. Similarly, 

Thus, the angle between the differentiable curves C, and 
C\ at is '« magnified « times by the 

mapping w =/(?)• 

The coemcient of magnification, /?„ = Lt is obviously zero 


in this case. 

Hence, the conformal property docs not hold at a point, 

where . .u 
Note. If we discuss the mapping from the «j-plane to the 

^.plane, we see that the mapping ceases to be conformal if^^=0, - e., 

/'(«) = =-. Thus, a point at which /'(c) = ~ is also called a 
critical point of the mapping. 

3.23. Isogonal Mapping. A mapping which preserves the magni- 
tudes of the angles but not necessarily their sense is called isogonal. 
For example, the mapping .v=? transforms every point into its 
reflection in the real axis, i.e., it preserves the magnitude of the 
angles but not their sense. Hence, the mapping is isogonal but not 

In general, the mapping u-=/(c), where /(z) is an analytic 
function of z, is isogonal but not conformal; for, it combines the 

two mappings 

(/) and {it) w=(C). 

In (i) the angles preserve their magnitude but not their sense, 
and in (ii) the angles preserve their magnitude as well as their sense. 
Hence, in the resulting mapping, the angles preserve ihcir magnitude 

but not their sense. 

3 3. The Converse Problem. We have seen (§ 3.2) tliat if 
/(r) be analytic in a domain D of the z-plane and/'C^) 7^0 in /), 


Since 
analytic ] 


1 

Mv 1 


1 

— Vjt 

1 



1 

Ur 


['.* the function /(z) is 
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it follows that the mapping from the (j:, ;^)-plane to {u, v)-plane is 
conformal provided Uj.Vy — the Jacobian of the transformation, 
does not vanish anywhere in D. 

We now consider the converse of this theorem. 

Theorem. The mapping defined by the pair of real fuuctions 

u=u{x, y), V=v(x, y) 

which possess continuous partial derivatives of the first order in a 
domain D, of the 2 -plane and conformal only if 

H*=M+/v is an analytic function of x+iy in D.. 

Let z=.v,(0+*>i(0 and 2=:cs(/)+o’2(0 be two differentiable 
curves Cj and Cn in D. intersecting in a point J’o) of -O* 

and let the tangents to Q and at the point make angles 
aj and ag respectively with the real axis, then 


tan 


a — tan a — ^ 

.V'=(/o) ’ 


where /o is the value of / corresponding to the point Zq. Further 


let a=a 2 — «!• 

The discussion remains quite general, if we suppose that the 
tangent at Zq to Q is parallel to the real axis, i,e., /i=0, so that 
ai=0 and 

Under the given transformation, C\ and C'g, the maps of 
C, and C- respectively, are given by 

U' = Hj(/) + /r,(f) = H,{.Yi(/), yi{t)} + iVi{Xi{t)j\{t)}, 

and w=u,{t)-{-iv.{t) = U 2 {x 2 {t),y 2 {t)]+iv^{x^{t),y 2 {t)} 
in the corresponding domain D^, of the w-plane. 

Let the tangents to C'j and C'o at the point w^ corresponding 
to the point -0 make angles and ^2 respectively with the real axis; 
then, since u and v possess continuous partial derivatives of the 
first order, 


tan j9i = 



uA'i-\-Hvy\ Mx 


(V y\^0), 


and tan (i-y— 


v'., VxA'S + t w'a _ v^-fVytan a 

u\ UjX'.y-{-Uyy\ Mjr-f-Myian « 


( Vtana = ^=) 

where all the derivatives have their values at (xo, ^’o)- 
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Now, if the mapping from D. to is conformal, ^2 — 

^ tan /9, — tan 

i.e., tana^tan ifti - tan 


/ v^+ iy tan g \ 'T j _j_ 
V »r+t'v ^ L 


Vj. Vj.+ ivtana 
Uj. ' Uj. + Uv tana 


K»V-iVMv) tan a __ 


or («r»v+‘Vt'v) tan a + ^nv-^ 0- 

Since ll.is equation is satisfied for all values of a in the interval 


0<a< it follows that it is an identity ; 

iMVtf4-rj.v„=0, h'v4-V^j.= Mt>V— 'VW v- 

These relations can also be written as two homogeneous linear 
equations in (».-Vy) and (»„+ O as follows : 

v„)^-^^(t/v-[->v) = 0.-\ (2) 

^'v)+ j 

These equations have a non-zero solution, only if 

— V,. u 


X *•« 

Xi. 


1=0, if M^*-l-v/ = 0. 


(3) 


Now (3) cannot hold, since, by (1), we have f/^Vv — 
which shows that the Jacobian of the transformation vanishes. 

Hence, the equations (2) can only have the solution 

ry=0, and Hy + i'jr. = 0, or Uj.= \\, i/y= 

i,e., at a point where the mapping from (x, ;)-planc to 
(», v)-plane is conformal and the Jacobian of the transformation 
does not vanish, the Cal^c^y-Riemann conditions are satisfied. 

Hence, u- = wi>, y)-^-iv{x, y) is an analytic function ofz=.v + 0’ 
in D^. 

Ex 1 Deduce from the principal of conformal mapping the theorem 
that the curves u^constant, v=constant intersect at right angles where u and 
V are conjugate functions. {Agra lOoi) 
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Since u and v arc conjugate function, the function. 

is analytic in a domain say, of the c-plane. Hence, the function 
io=:f{z) maps D. conformally on the corresponding domain of 
lii-plane, if in D,. 

Let «=ri and i<=r 2 > 'vhere Tj arc constants, meet at in Z)u, 
and let be the corresponding point in Zg. Now, the straight lines 
M=ri and in the u;-plane intersect at right angles ; hence, 

their images through z^ in D. must intersect at right angles, since the 
mapping is conformal. 

Ex. 2. Show that, if the function w~f{Z)y analytic in \ Z \ =Z2, 
7 naps the circle | Z \ —rC^R on a rugular are C in the w-plane^ then the 
length of C is given by 



Let an element of the arc Sr of the circle | z \ —r be mapped 
on the corresponding element of the arc 3^^ of C ; then, since w=f{z) 
is analytic in | c ( =R, the mapping is conformal and, therefore, 

la= \f'{Z) 1 Is. 

Hence, lenghth of C— I | f'{re^^ ) | . r^fO, 

^ 0 


where z=re^^ (0^0<^27r), and ds=\/{rdQy-\-{dry=rdQ{\'dr^O). 

3.4. Simple Transformations. If n»=az+/5, the transformation 

is called linear ; if »i'= » where p(r) and p(z) are polynomials, 

the transformation is said to be rational. A transformation of the 


type )f= 


r?4-s 


is known as bilinear or linear fractional. 


The 


geometrical meaning of linear and bilinear transformations will now 
be investigated. To justify the use of such graphic terms as trans- 
lation, rotation and stretching, we shall consider the mapping as 
cfTectcd in one plane. 

3.41. The Transformation w=z + ^. From the geometric 
interpretation of addition it will be seen that the r-points are trans- 
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formed into the corresponding u’-poinls 
by moving each 2 -point in the direc- 
tion of the vector from the origin to 
the point ^ and to a distance equal to 
I ^ I • The motion just described is 
called translation. It is obvious that 
a translation of the complex plane 
does not change the shape and size 
of any configuration and, therefore, 
transforms any curve into a congruent 
curve. 



3.42. The Transformation 

This transformation 
gives 1 IV I = I a 1 • 1^1, and 
amp \v=amp a + amp r. 

Consequently, to derive the 
point w corresponding to the 
point 2 , we multiply the modu- 
lus of 2 by I a I and then rotate 
(or, turn) the magnified vector 
through an angle amp a in 
the counterclockwise direction. 
Multiplication of j r | by | a 



is also called an expansion (or magnification, or stretching) or con- 
traction. We can also derive the point »v by first rotating the vector 
from the origin to the point z through an angle amp a and then 
multiplying it by | a | • This transformation also leaves the form 
of any configuration unchanged. 


3.43. The Transformation w = a2-f-/5. The geometrical signifi- 
cance is easy to observe if we regard this transformation as a 
combination of the two preceding transformations. The relation 

is obtained by introducing Ihe auxiliary variable 2 ' = a 2 , 

(1) and then putting w = z'-^fi (2). The same relation may 

also be obtained by first introducing the auxiliary variable 2 '=z-l-/?/a, 
(3) and then putting w=az' (4). 
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The amount of rotation and magnification in (I) and (4) is the 
same. The translations defined by (2) and (3) are however different. 
Thus, the process of rotation and magnification and the process of 
translation are not interchangeable processes. 

Under the transformation »t'=az+j8, there is one invariant 
point for, since the z-point is identical with the corres- 
ponding ii*-point,z=az+/3, or , if itnd the given trans- 

formation represents rotation and magnification about this invariant 
point as can be easily seen. 

For example, the transformation w=(l-l-0 z-fl— 2jmaps the 
rectangular region in 

the z-p!ane into the ^ 

rectangular region 
shown in the u’-plane. 

This is evidently geo- 
metrically, 

since amp (1 + /)=-^^ , 
and I l-f/ I 2 . 

Q I 2/ 

The point 2 + i is the invariant point ; for 

=2+/. 

The rotation is about this point. 

3.44. The Transformation w = — . Putting w= 9 c *^ and , 

z 

■ < J •A 

this transformation becomes . By introducing the 




auxiliary variable n-', the transformation can be regarded as 
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a combination of two transformations 

w’ =—e^^ w=w'. The first is an 
r 

inversion w.r.t. the unit circle | 2 | =1, 
and the second is a rejiection in the 
real axis. In the figure if P is the z- 
point, then the corresponding u’-point 
is Q ; w’ is represented by P', where 

OP.OP'=l. 



■~1 

Fig. 13. 


X 


In cartesian coordinates, u' = M-f/v' = 


x-\-iy 


, which gives the 


X —y X 

relations »= ^ ;?+T=“- 

Regarding a straight line as a limiting case of a circle whose 
radius tends to infinity, we see that the circle 


A (x:2-F>’2) + ^x:+C>' + /? = 0, (I) 

is transformed into 

£>(h“ + v2) + 5«-Cv-|--4=0, (2) 

which is also a circle. 


Hence, the transformation n- — — maps circles on circles, 


straight lines being regarded as degenerate circles. 

It is known from geometry that the angle of intersection of 
two curves is preserved by inversion w.r.t. a circle but the sense is 
changed. The reflection in the real axis also preserves the magni- 
tude of the angles but not the sense. It follows, therefore, that the 


mapping 


is conformal except at z=0. 


Note. This transformation is also called a reciprocation. 

3.45. The Point at Infinity. Since the transformation u'= — 

z 

carries points outside the circle | z | =/? into points inside the 
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circle \ w ] =-^> it follows that the point w=0 is not the image of 

any point in the finite 2 «plane. However, by making R sufficiently 
large, all the points outside the large circle | z [ map on the 

interior of the arbitrarily small circle 1 w | ==“^- Hence, by making 


— >. 00 , we see that the point at infinity or the infinite point 
r=oo is, formally the image of the point w=0 under the mapping 

1 

u>= — . 


3.46. 


The Bilinear Transformation w=- 


ccz+jS 

y *+8 


This transformation can be written as 

a aS I 

''•-y+ ~-'yz+S ’ 

where and can therefore be effected by combining the three 
transformations 


zi=yz+h, ...(1) ^2=^, ■..(2)andiv=^+-^^^:^Z2 ...(3) 

‘■l 7 7 

If y=0, the given transformation reduces to the linear trans- 
formation of § 3.43. The expression «S— jSy or a (J | , called 

7 s ! _ 

the determinant of the transformation, must not vanish. If 
aS— iSy=0, the given relation between w and z would deduce to 


a 


]!•=—, which is either a constant or meaningless. 


Thus, when 7^0 and the transformations (1) and 

(3) are linear while (2) is a reciprocation. Hence, the given trans- 
formation is conformal and maps circles on circles with lines as 
limiting cases except when z= —8/7 which is the only finite singu- 
larity of n*. Since the image of r=— 8/7is »r=co, circles passing 

* 

through z=~hjy are mapped upon straight lines in the w-plane. 
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The transformation inverse to 




rz+8 


aS— is 


(— 5)( — a)— )3y=0 ; which is also a bilinear trans- 

yw — X ’ ^ 


formation. 


Since the function w—- 


xz+$ 

rz+S 


is analytic for all values of z 


except r=— S,y and since the derivative 


f/»f aS — ^y 

dl (y^TW 


zero or 


infinite when r = co or r=— S/y, it follows that the bilinear trans- 
formation is conformal at all points except r = co andz = — S 'y 
which are the critical points of the transformation. However, if we 
extend the definition of conformal mapping as below, the two 

critical points no longer remain exceptional. 

The function h-=/( 2 ) is said to map conformally the neighbour- 
hood of z=oo upon the neighbourhood of if the function 

maps conformally the neighbourhood of :;=0 upon 

the neighbourhood of uv Here may have the value infinity. A 
similar extension of definition can be given for the conformal 
mapping of the neighbourhood of Zo upon the neighbourhood of 

)V=soc>. 

With these extensions of definition, the mapping is conformal 
at r = oo and z = —h!y- Also, under this transformation the corres- 
pondence of the whole closed z-plane to the whole closed w-planc 
is one-to-one. 

Note. This transformation was first studied by Mbbius and 
is also known as a Mobius Transformation. 


3 47, General Properties of the Bilinear Transformation. 

I. This transformation leaves two points in the complex plane 
invariant. 

If the bilinear transformation maps any point upon itself, then 
z = y-'^ + (8-a)z-j3 = 0, 
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which has two roots, namely ^ 



a— S- V(«-S)2+4 jSy 



The points Zi and Za are the invariant points. 


11. There is always one and only one bilinear transformation 
which maps any three distinct points upon three desired distinct points. 

The bilinear transformation contains four constant a.^,y,S ; but 
as we may divide both numerator and dominator by one ' of these 
without affecting the transformation, we have only three independent 
constants. Therefore it is to be expected that the transformation can 
be made to map any three distinct points Zj, z^, upon any three 
desired points h’i, h-j, W 3, that are distinct. Substitution of the 
corresponding values of z and w in the transformation gives three 

relations *=*>2, 3, 

i.e., 7M\. Zfc4-Swjt-aZfc—^ = 0, A-= 1,2,3, (1) 

which are linear homogeneous equations in the four unknowns 
/3> 7, Z, or linear equations in the ratios of some three of 
a, p, 7, Z to the fourth. The simultaneous equations (1) cannot 
have more than one solution except »=^=s7=S = o in which case 
the transformation is meaningless. 

As It',. — ^ it can be easily seen that 
the mapping is made by the transformation 

(z-z,) (za-z,) • 

For, H'=u’i corresponds to z— and H’=n'3 corresponds to 
z = Z3. If z=z.,, the equation (2) reduces to the form (w— u' 3) 
= which has the solution w=w,. 

Since the transformation (2) is bilinear in z and it is the 
transformation that maps the three given points in the z-plane into 
the three prescribed points in the ir-plane. There cannot be more 
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than one such bilinear transformation ; for, the simultaneous equa- 
tions (1) cannot have more than one solution. 


III. The necessary and sufficient condition that any four dis- 
tinct points rg, Z3, z*, of the z-plane may be mapped by the 


bilinear transformation 





upon 


any 


other four distinct 


points u’l, w'.,, iv’a, H4 of the w^plane is that 


(z.t— 24) 

"(iVi-»V4")(H’2-H'3) ( 21-24) (Za-Zs) 


We have the four relations 


= = 3.4; 


72*+ 5 

or yH’*2* + Su'* — az*-^=0, (A' = l, 2, 3, 4). (3) 

The necessary and sufficient condition that these four equations 
have a solution other than a=/3=y=S— 0 is that 


u-iZi 
H’jZa 
''■323 
>1-424 

2i 1 
-2 1 

>f,»V3 + 

Zi I 

Z3 1 

Since 


'‘‘i 

»-a 

‘^•4 


- 2 , -1 

-22 -I 

— 23 — 1 

— 2s — 1 


= 0 . 


Expanding this determinant 
ill terms of the last two 
columns by Laplace’s deve- 
lopment, we have 


23 1 
2* 1 
2» I 
1 

1 
1 


^4 




H3» l - 

2i I 

2 , 1 


24 1 

! 23 1 ! 


»>’2»’4 + 


ll'lW,- 


22 I 
24 1 ! 

22 1 2,1 

23 1 23 1 


2 , 1 

! 24 1 


22 1 

^3 1 


X 




24 

-I 1 

2, 1 


u’i»r4=0. 


23 1 

^4 1 


(4) 


2| I 

2 m 1 


^2 1 

24 1 


+ 


1 

?4 1 


22 I 

^4 1 ! 


—0, 


wc may write the equation (4) in the form 

( 24 - 22 ) ( 23 — 24){(W3lV4 + U-4>f2)-(W2U’4+M'4>4'3)} 

+ (2l — Z4)(22-23){(W2W3 + U-4W4)— (W2>V4 + >V-iU'3)} = 0, 

or (Zi— Za) (23 — 24) (Wi — IV*) (IV2— IV3) 

= (^1 — ^4) (Zo — 23)(>r4 — W2)(n;j — H-J ; 

(iVl-IVa) (lV3— iv «) ^ (2 i-Z 2)( 2.,-24 ) 
(IV4-IV4) (iVj-IFj) (2i-24)(22-Z3) ’ 


(5) 
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The R.H.S. of ( 5 ) is the cross-ratio of the four points z^, 

Z4 and so we have the result that the cross-ratio is invariant for the 
bilinear transformation. 

IV. Successive bilinear transformations are equivalent to a 
single bilinear transformation. 



yz'+h 


; and 


y'z+s'’ 



/ff'rvo 


the result is a third bilinear transformation tV‘= 


az-hb 
cz-^d * 


where arf— ^>c=(aS— pyXa'S'— 

V. Inverse points w.r.t. a given circle are transformed by the 
bilinear transformation into inverse points w.r.t. the transformed circle. 
Thus, if the points z' and z" are inverse w.r.t. the circle 

I 2-^0 1 =^ ( 6 ) 

we can write z'=Zo4-/c^^ » where / is the 


distance from the point 2' to the centre 
Zoi as shown in the figure. 

•D 

Now z=Zo4-re ” is any point of the 


• • 


_/ 

r 


re 


ie^ 4 > 


/giO _ rei<l> 


/ 




» 

z—z' 


re^ - le‘* 

t 

1 

i 

2 — 



[ 



re — - e^ 

^*“0 



Fig. 14 


( 7 ) 


This is, therefore, the form of the equation of the circle when 
2' and z" are inverse points w.r.t. it. Taking -^=A::?i:l, the equation 


( 7 ) becomes 





This equation gives | z — 2' j j z—z’ \ ^= 0 , 

or (z— 2')(c —z') —k^(z — 2'')(c— ^') =0, 
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or 


I z I 2-2Re(zr)+ I z' I ■‘-kH \ z | 2-2Re(zr) 

+ U" I 2}=0, 


or 


,,,._2 Re{(r-A-^r)z} ^ - 


z I “-A2 I z' ' 2 


I-A* 


1-A2 


-= 0 , 


or 


z'-A^z 


z — 


1-A* 


I 2 \ z' \ 2-kZ I I 2 




1-A 


j z'-k'^z” I 2 -(l-A«)( i z' I *-A2 I z* 1 *) 


A2 I z'-z' I 2 
" (1-A=)* * 


I. e.. 


z — 


z'-AV 

1-A2 


_ A| z' — z 


1-A 


.2 


, which represents a circle 


z' ~k^z‘ 

with centre Zo= 


A I z'-z" I 

I i_A2 , 


say 


Also z'— Zo = 


^■-^'1 u -_, I = 

I _^a » I ^ ‘■0 ] 


z'-z' 


1-A* ’ 


so that 



=A*, a real positive number, 


and 



A* 1 z'-z* 1 * 
(I -A*)* 


Thus, the points z' and z' are inverse points w.r.t. the circle 
(8). Hence, the equation (8) necessarily represents a circle w.r.t. 
which z' and z* are inverse points. 

If A: =5 1, the equation (8) represents the right bisector of the 
straight line joining z' and z' and points z', z" are symmetrical 
about this locus. 


Under the transformation 



az+jS 

yz+s ’ 


the circle (8) is trans 


formed into 
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gu*— /3-z'(-y«’+a) 


jS — z''(— yir+a) 


•• z= 1 

1 ■ -y''’+* J 


or 


H’ — 


az^ + /S 
y-'+B 


w — 


72' + S 


=k 


72'+5 


or 


u’ — n*' 

—k 

72'+8 


W — M’" 

— ^ A 

7?' + S 

4 


(«) 


where u' and u' correspond respectively to r' and 2 '. 

Hence, the circle (8) is transformed into the circle (9) with 
iv', w" as the inverse points w.r.t. it. 

Note. The circle (8) is called the circle of Apollonius. 

Ex. 1. Find the condition that the transformation w= 

tran forms the unit circle in the w-plane into a straight line in the Z-plane. 

{Agra, 1940) 

I z 

A straight line in the ^^plane is represented by 




Putting — -5' = — this line is transformed into 


= 1. 


z + 

b 

a 

= 1 , or 1 w 1 

i ^ 


~d 

1 c 

z 4* 

c 


• • 


, since w = 


a 7 


z^.d- 


which will be a unit circle if | a j = j r j . 

b 

Z + — 

a 


Note. Since 


Z+~- 

c 


=^■(^1) represents a circle in the 


<c-plane, the circle in the u»-planc corresponding to it is obviously 

a 

c 


\w\=k 


By taking particular value of a, b, c, d and k, the boundaries 
in the oi-plane corresponding to given boundaries in the -c-planc can 
be easily determined, 
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For example, by taking =—i, ~ = b A=l, we can make 


■c — i 

T+7 


= 1, i.e., the real axis in tlie C-plane correspond to the circle 


I I =1 in the i4/-plane, provided | <? | = | c | . 


Ex. 2. Find the bilinenr transforwnlion which transforms the half- 
plane Rc('C)^0 into the unit circle | it’ | ^/. 


To points Z, — Z symmetrical about Re (^) = 0 {i.e., the imaginary 

axis) correspond points inverse w.r.t. the circle | w J =1. In 

particular, the origin and the point at oo in the ii^-plane correspond 
to Z and its conjugate with the changed sign. 


Let the required transformation be w= 


yz^h 


Obviously 


>* 9 ^ 0 , otherwise the points at infinity in the two planes would corres- 

Q 

pond. Since «j = 0, w = oo correspond respectively to z=—~, z — 


B P 5 - j .. g z — a 

, we can ivritc =/z, — — — < 2 , and then u/ = — =. 

y’ a ’ r ’ y 4-fa 


Now, the circle | m; | =1 corresponds to the straight line 
Re (-e)— 0 ; the point 4=0 must correspond to a point on the circle 


\ IV \ = 1, so that 



Thus, we may write a=y/^ , where \ is real, and obtain 


Z — a 
w = — — _ 
Z^(X 




Since 4 = <2 gives w=0, a must be a point of the half-plane 
Rc(4) >0, i.e., Re (a) >0. With this condition, (1) is the required 
transformation. 



rt 


C f 


. “PS 6'? 
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Note, It can be easily shown 
geometrically that (1) is the required 
transformation only if Re(rt) <^0 ; 




for, I I <1 correspond to 
^ — a 

nr' 

i.e., I C — a I I -C-f 5 I , which 



* s 


\ 


< 1 > 




0 

X 


Fig. 15 

I • 


is possibly only ifRe(<2)>0. 

If Re (a) ^0, then the distance 
Ex. 3. Find the bilinear transformation which transforms the circle 

1 ^ I <p into I w 1 <p'. 

Let the required transformation be . 

y^-}-o 

The points = u?=oo must correspond to the points ^=0, 
C = ?-;'5, where | a \ <1?, since the interiors of the circles | w \ =P' 
and j c I =? correspond. Hence, — p/a=^t, — S/>'=pV«» ^md so 


a 




aa 


'-a 


w= - 


y C-pVa r a-:-p® 

Further, since the circle | w } =p' corresponds to 1 ^ I =P, 
the ■: = ? corresponds to a point on | if | =p', so that 


?'= If I := 


da 

9— a \ 

_ 1 

aa i 

1 p— fl 

1 : 

aa 


o‘P-P* : 

9 

y 

■fl-p 

” P 

y 


Thus, we may write ” PP'^'\ where A is real ; 
hence, w pP'- -\ - e^^ ( 1 « I <P)- 

Q'^ — P 


( 1 ) 


This is the required transformation ; for, if ‘C=pe*^ , a~be^^ 

[^= I « I <P], 


then 


If — 


PP 






= P' 


;(0-P) 




4 

= p 
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If z = Te where r«<p, then. 

pi 2- r = ?^ {r--^rb cos {0 ~ \) + b^-} 

-{A2r2-2*r?2cos (U-A)-fP>) 

= (r2_p2) (p2-A2) <0, [Vr<p, ?>b] 

hence [ w | <P' ; i-e-, the interiors of the circles correspond. 
Note 1. When P = P , the tranformation 

UN. — r 

( I <3 I < P) transforms the circle [ -C j <? into the circle \ w \ <?. 
Since this is true for different sets of values of A and a, it follows that 
the identical transformation tv=^ is not the only transformation 
which can map a domain upon itself. The identical transforma- 
tion is a particular case of (I) above and can be obtained by 

making -C -O correspond to iv^O. 

Note 2. When p = p' = l, the transformation 


<l) (2) 

az — i 

transforms the unit circle I I <1 into the unit circle j | <1. 

{Agra 193r>, '44, ’.52) 


Ex- 4. 


Prove that, if w = 


yc+s 


and 


aS-?y=l. 


the linear 


magnification is 1 y^ + S 1 ^ 

Sf/ow that the circle \ yz + t \ =1 (y^^O) is the complete locus of 
points in the neighbourhood of which lengths and areas are unaltered by the 
transformation. Prove that the lengths and areas within this circle are 
increased and lengths and areas outside this circle are decreased in magnitude 
by the transformation. 


We have w 


gg + fi _ g fiy — gS 

yzA-h “ y 7 


1 

^+5 



1 


y(y':+s) 


(VaS-°.y=l); 


dw 

dZ 




~ 1 yz-^s 1 * * 


which gives the linear magnification. 


'Hence, the linear magnification is constant along the circle 
j y^-rS I =1 (7^0), ^ i e., every point on the locus | yz-\-B ( =1 is 
such that in its neighbourhood lengths and areas arc unaltered by the 
transformation. 
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Again, as yio-oL=^ — 




the region inside the circle 


I yz-\~5 i =1 is mapped on the outside of the circle j yw~<x | =1 
(7^0) and the region outside the circle | yz + t | =1 is mapped on 
the interior of the circle | yw—a. \ =1 (7^0). 



1 

ir^+s [2 


, it follows that for points within the 


circle | 7'C+8 | =1, 


f/w 

dz 


>1 and for points outside the circle 


i 7^+S I =1, 



Hence, the transformation increases the lengths and areas with- 
in the circle I 7-C4-8 ( =1 and decreases the lengths and areas out- 
side the circle | 7 C+S | =1.* 

♦Note. This circle is called the isometric circle. 

3.5. Some Special Transformations. We shall now consider 
some important transformations which can be effected by elementary 
functions. 


3.51. The Function w=z’‘. 

If z~rJ^ and then so that 

p=:f", ^ = (1) 

The distance from the origin is therefore raised to nth power, 
and the polar angle is multiplied by n. An angular region a< amp z 
</5 in the 2 -plane is mapped on the angular region wa< amp w 

</i^ in the »r-plane. If a is greater than-^, the angular region 


in the u’-planc covers part of this plane more than once. The 
ambiguity arising from this is removed, if the )r-plane is cut along 
the real axis from w=0 to n’=oo. 


From the equations (1) it follows that the circles r=^ of the 
2 -plane and the circles p—Ar" of the ir-plane correspond, and, in 
particular, the unit circle | 2 | =1 corresponds to the unit circle 


CONFORMAL MAPPING 


5 


3.52. The Function w=z*. As in the previous article, the angular 
region a< amp z < /3 in the z-plane is mapped on the angular 
region 2a< amp u<2j3. tt, the angular region in the 

)i--plane covers part of this plane twice. To prevent this the ir-planc 
is cut along the real axis from ii -O to u-=oo. Then the upper half 
or the lower half of the z-plane corresponds to the whole cut plane ; 
the positive real z-axis corresponds to the upper edge and the nega- 
tive real z-axis to the lower edge of the cut in the u-plane. 

If u' = n+/v, c=^ + '.v, then u + iv^{x-.-iy)- ; 

w = and v=2.vv, 

Hence, the straight lines i/=cons- 
tant,v = constant in the w-plane correspond 
to the rectangular hyperbolas .v® — >" = 
constant, 2.v>’ = constant. The conformal 

property does not hold at z=0. 

To the region 2 .y>- >c, in the v-plane 

corresponds the region v,>Ci in the w- 
plane; and to the region 2.v,t' <^^2 in the z- 
planc corresponds the region v <^<' 2 * 

Hence, maps the 

region between two hyperbolas 
in the z-plane on a parallel strip 
in the w-plane. In figures 16 and 
17 shaded regions correspond. 

As Bi — B'l — ; 
and the interior of the hyperbola 
ABC is mapped on the half-plane Fig. 17 

above the line A'B'C'. 

Similarly, the region between the hyperbolas .x* — and 
in the z-plane is mapped on the infinite strip between the 
lines and u — c' and ti = c“ in the u'-plane. 

Hence, the rectangle formed by the lines v=c„ u=c', 

and w=c' corresponds to the area enclosed by the four hyperbolas 
2xy=c^, 2xy = Ci, x^-y^ = c', and x^-y^=c'’. 





Fig. 16 
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Fig. 18 

It can be easily verified that the transformation maps 

the circles | z — a \ =k, (a, k real) in the 2 -plane on the limacons 


I H’— ( =2ak + 2k' cos 0 in the iv-plane. When a^ky the 
limacon reduces to a cardioide. 

Further, from equations (1), we have 

v^=4x^ (.x*-h), v*=4y2 (>-*+«) (2) 


Hence, the parabola v2=4ci* (ci* — m) corresponds to the 
straight lines .v=Ci. The vertex of the parabola isat«=Cj*and 
the focus at the origin. To the orthogonal system of lines 
there corresponds another system of confocal parabolas with vertex 

at u= —y^. 

As a particular case, the line a:=l is mapped on the parabola 

v*-4(l-u). (3) 

The infinite strip between the lines x=l and x=Xo>l in the 
2 -plane is mapped on the region between the parabolas v*=4 (1— w) 
and r2=4.v„® «) in the w-plane. 

Making — ►co, we see that the part of the -c-plane to the 

right of the line x=\ is mapped on the exterior of the parabola (3). 

If.v — >-0, the parabola v2=4a:*(x®— m) narrows down to a 
slit along the negative real axis from m’= 0 to iv= — oo. Hence, 
the half z-plane Re (2)^0 corresponds to the whole iv-plane cut along 
the real axis from n’=0 to w= — oo. On the cut iv-plane, the para- 
bola (3) corresponds to the line x=—l also and the exterior of the 
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parabola (3) corresponds to the portion of the z-plane to the left of 
the line x= — 1. 

Combination of with a bilinear transformation 


2 

1 



gives us the transformation 


4 

U'- 



which maps the exterior of the parabola (3) on the interior of the 
unit circle in the — plane. For, let ^ = ^ + then from (4) 

we have 


2U+1-/V.) . 


2 ( 1 + 1 ) 


• • 


the region x >1 is transformed into^^ - 


> 1 » 


or ^^ + V t.e., I ^ 1 <1- 

The transformation (5), however, cannot map the inleiior 
of the parabola (3) on the interior of the unit circle ls|=l,i»s 
can be easily verified. 


3.53. 


The Transformation w^tan^^-. 


The transformation can be written as 



1 —cos z 
1 + COS r 




+ i>, then cos 2 = — i sinh y, and \v= 


I + / sinh^ 
1 — / sinh y 


. J_J_±il‘-l5-i(-{- = l,andampit' = 2amp(l-t-/ sinh >-). 

• * I 1— t smh y I 

As y changes from — co to co, sinh y changes from co to ©o, 
r.e., amp (1+/ sinh >')changesfrom—^ to Hence, amp u- 

changes from — tt to tc as y changes from — ©o to ©© on the line 
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x='^ in the z-plane ; so that w describes the whole unit circle once. 


By writing r=/y, cos z—cosh y and w is real. Thus, as y 



Fig. 19. 


changes from oo to 0, H’ changes from —1 to 0, and as y changes 
from 0 to —CO, w retraces its path from 0 to— 1. 


Hence, the strip between the lines x=0, x=~^ is mapped on the 

interior of the unit circle in the w-plane, cut along the real axis from 
u’= — 1 to h’=0, as illustrated in the figure. It is easy to show that 
the interior correspond. 


For, w— 


1 —cos r 1 — cos(.v+/y) 

1 4-cos z l4-cos(.v+/y) 


1— cos X cosh y-{-i sin x sinh y 
i -f cos A- cosh y—i sin x sinh y 


When 0<A'<^, 0<cos a <1 ; 


Hence, 


—cos A- cosh y<I + cos a' cosh y. 

. (1 — cos X cosh y)*4-sin“ a- sinh® ^ j 

’ (1 +COS A cosh y)®-}-sin® A sinh* y 
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3.54. The Transformation w = tan- (J x'T'). 

We have already seen that the transformaiion n'=z^ (§ 3.52j 
maps the strip between the lines .y=0 and .y= I on the interior of 
the parabola 1-2 = 4 (1—m) in the u-planc cut along the real axis 
from iv=0 to H' = — oo, ne., the transformation r = n-% or u’=\/i 
maps the strip between the lines w=0 andi/=lin the u-.planc on 
the interior of the parabola in the r-plane cut along 

the real axis from r = 0 to — co- 

Hence, combining the transformation of § 3.53, ir= tan2(A :;) 
with t = \/z~\ where : = ^ + wc easily 

sec that the interior of the unit circle in the cut u-planc corresponds 
to the interior of the parabola in the cut r-planc. 

The cuts in the u-plane and the c-planc correspond. The cuts in 
the w-plane and the z-planc are not needed for direct transforma- 
tion ; they are needed only for the intermediate transformaiion. 

Since y*0 as z~^0, the mapping is conformal and one-to-one. 
dz 


3.6. Exponential and Logarithmic Transformations. The 

function U'=e- (I) gives rise to two important special trails- 


i<h Y 

formations. Writing r=A'-f />• and w=pc ^ , wc have ?=e' , <l^ = y. 
A horizontal strip of the r-plane bounded by the lines y — }\ and 
y^yz, where | yi—yz \ <2?:, is transformed into a wedge-shaped 
region of the w-plane, the angle of the wedge being a= | — | 

= I 1 • "The mapping is conformal throughout the interior 

of these regions, since the derivative of e- is never zero. 

As a special case, if | y^ — yi ( =7r (c.g. ;’i=0, y^^Tr), the 
wedge becomes a half-plane. 


The restriction on the width of the strip, namely that 
1 yi~~y 2 1 *C27r, may be dropped. If, for example, .Vi = 0 and 
^2 = 2'7r, the strip is represented on the u-planc cut along the positive 
real axis ; and if [ Ti ~>’2 I > 27r, the wedge obtained covers part 
of the iv-plane more than once and the cut-plane is to be used. 

We obtain the second special transformaiion furnished by (1) 
by considering an arbitrary vertical strip bounded by the lines 
x=Xi,x=X 2 . This strip is mapped in the cut u’-plane on the 
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annular region p,< I n' [ <9^ an infinite number of times. If now, 
keeping X; constant, we let the strip Xj<x<x* becomes 

in the limit the half-plane ReC^X;:*. and instead of the annular 
region in the cut iv-plane we obtain the circle 1 w 1 <p 2 with a 
logarithmic branch point at m’=0. 

The function inverse to (I), namely u’=log z (2) 

gives, of course, on interchanging tlie z-plane and iv-plane, precisely 

the same conformal mapping as (1). 

Combining both the special transformations discussed above 
we sec that the rectangular region -vX-v^.Va is mapped 

on the region e'-'i bounded by circles and rays. 

In particular, if the rectangle maps on 

half of a circular ring. 

The semi-infinite strip-oo<A-<0, 0</<7r maps on the 
semi-circle P<1, 0<<A<7r, i.e., the unit semi-circle in the upper half 
of the u’-planc. 

:J.7. The Transformation w = |(2+“)- 

When z==0, w becomes infinite, and since p)> the 

points :=±1, at which -^=0, arc the critical points of the 
transformation. 

Putting z = rc'^ , we have 2« = (f + ~) cos 0, 


2 v=(f— -!~) sin 0, and on eliminating 0, we get the ellipse in the 


n'-plane 


ir 


V" 


J-V2 




( 1 ) 


1 


= As 


corresponding to each of the two circles | w \ =r, 
r->l, the major semi-axis of the eilipse->l, while the minor serai- 
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axis As /■ ->0, or as r -> c«, both semi-axes co. It 

follows that the inside and the outside of the unit circle in the 
::-plane both correspond to the whole vv-plane cut along the real 
axis from -1 to 1. The unit circle | r 1 -I itself corresponds to 
a very narrow ellipse in the n-plane, which is the cut along the real 
axis enclosing the critical points I and 1. 

3.71 The Transformation 1 ^ ,a — b)z + — ~ ^ 


Putting , and = we have 

» = r + "^ - jeosO, v-J {(u- 


and eliminating 0, 


The equation (2) represents a system of confocal ellipses 
corresponding to the concentric circles | | =r, the distance bet- 

ween the foci being • 

Eliminating ;■ from equations {!), we have 

u- V- 

sec^O-r- coscc“U=r/--^% or b-)s'm'y 

Hence, straight lines through the origin in the z-planc 
correspond to confocal hyperbolas, the distance between the foci 

being 2^di—b ^ . 

3.8. The Transformation w = sin“*z. 

We have 2 = sin h-. (1) 

Putting z=.v-H/>, ir = M+/v, we get 

A- = sin M cosh v,>'=cos u sinh v. (2) 

y2 y‘i 

From equations (2) we infer that + 


.. = 1 . 


( 1 ) 


( 2 ) 


A ^ y ~\ 

sin^w cos'M 


( 4 ) 
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Thus the st. lines v=constant go over into confocal ellipses 
with their foci at tlie points .v=±l, ; and the straight lines u= 

constant go over into confocal hyperbolas with the same foci. 

In particular, consider tlie strip in the n-plane bounded by 

the lines u=± -5-; with v>0. A horizontal line segment--^<«< 

2 


v-vi>0mapson the semi-ellipse-^^^p^+'^j^^ =1, which 
lies in the upper half-plane : A:=cosh V| sin m, >’=sinh cos u. 


Similarly, a vertical line segment w— «i, 



maps on a half-branch of the hyperbola—;^- 2 ,, 

bill 1*2 li 

where .v=sin «x cosh v, ^'=cos Ui sinh v. 

Each point in the upper half of the r-plane is the intersection 
of just one pair of curves of this orthogonal system of ellipses and 
hyperbolas and corresponds to just one point in the semi-infinite 


strip — H v'>0 in the u’-planc. 

the strip there corresponds just one point r. 


Also to each point of 
Hence, the mapping of 


the strip — < H >0 upon the upper half of the z-plane is 

one-lo-onc. The right-hand half of the strip maps on the first 
quadrant of the r-planc and the left-hand half of this strip maps on 
the second quadrant of the j-plane. 

The rectanglc-TT < h < < v < Vo maps on the region 

bounded by two confocal ellipses and if Vj >0, the elliptic ring has 
a cut along the negative real axis. 

Ex- 1. Discuss the application of the transformation w—Z’ to the 
area in the first quadrant of the Z-plane bounded by the axes and the circles 
\ Z \ =a, \ z \ —b (fl> b >0). Is the transformation conformal ? 

{Agra 1947) 
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Putting w=^u-\-iv and z = x-]-ij\ wc have u=^x^—y-, v=2xj> ; 

or I I = I c 1 

Hence, the circles | ^ | =a, \ z \ =b map on the circles 

w \ =a^, I oj I =62 respectively. 

and then and <^^20. Hence, the 

region 0< 0 Z niaps on the region 0 ^ < tt and the area in 

h0 

the first quadrant of the c-planc bounded by the axes and the circles 
1 Z I =a, \ z \ =b on the area in the upper half of the a'-plane 
bounded by the real axis and the circles | w \ \ w \ =b-. 

'I'hc transformation discussed is confoimal, since ic;=c” is 

dw . I 

analytic and m the given area. 

Ex. 2. Discusi the mapping upon the w-plane of the line y = mx 
in the ‘-plane by means of the relation w = e\ m being not equal to zero. 

(Agra, W'y>j) 

Putting w = 9e^ , and z^xA-iy, wc have pe"^ 

p— and 6=y. 

Hence, the straight linej = wu in the ^-planc is mapped on the 
curve tp = tn log p, or P = , which is a spiral, since 

Ex. 3. If w—\o'g J the curves on the z-plctne corresponding 

to u = 0 and v — i) on the w-plane, where w — u-\-iv. (Agra, l9dU ) 

The given transformation is a combination of 

I V. 


Let then t =e“ ’ i. e., ^ — cos v, r, = e“ sin v. 

CO 

Eliminating v, wc have — I hence corresponds 

i — 1 

to |XI =1. Further, the transformation 


maps 


; 1 =I on 


z-l 

4+1 


= 1, which represents the imaginary 
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axis.v=0 in the ^-plane. Thus, the line «=0 in the «/-pIanc 
corresponds to the line x=0 in the <-plane. 

From (1) we see that t/=0 corresponds to Now, 


, . 1 2(.< + l -t» . 

•/] =0 corresponds to y=0. Hence, the line y 
zy-plane corresponds to the line ^=0 in the ^-plane. 


= 0 in the 


Aliter. 


We have «=log 


z-l 

z+l 



■J— 1 



K=:0 corresponds to 



= 1, i.e., x=0. 


Also y=ainp (C — 1) — amp (^+1) — tan 


= tan-i --..—^- 1 - ; A 1^=0 corresponds to^ = 0. 

Ex. 4. prove that the circle \z \ corresponds to 

a cardioidc in the w-plane, and that an equilateral triangle in the circle 

corresponds to the points of contact of parallel tangents of the cardioide. ^ ^ 

(Agra 1941, oo) 

The given transformation is a combination of 

— 1, and ^=(c+l)"* 


Let ^ and !^=: so that | ^ | — 1, 

and + = )^=4 cos4.-“ 


ip 


^2 (l + cos 0) ; 

/. ^=0, and p = 2 j^l+cos 0) = 2 (H-cos ^), which is the 

equation of a cardioide in the ^-plane. 

The transformation iy=w— 1 leaves the configuration unchanged 
on mapping from the vplane to the tn-plane. Hence, the given 
transformation maps the circle | c 1 =1 on a cardioide in the 
rt'-plane. 

The vertices of any equilateral triangle in | c | =1 have 
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vectorial angles equal to 0. 0-|- .j , respectively, 

ponding points on the cardioicle are (2 {1 +cos 0), 0]. 


The corres- 



+ COS 0+--^ 



(1 +CO.S 0+^^ ), O-y 



[2a (I -J-cos 0) sin 0] 

Now, at [2a (1 +co5 0), 0) 

[2/7 (1 -J-cos 0) cos 0] 


cos 0 (1+cos 0 ) — sin^O 

— sin +COS b) — sin 0 cos 0 


cos 0 + cos 20 30 

“sin 0-i-sin 20 2 


Similarly, 



(2fl (1+cos O-h^” 






Hence, the three tangents are parallel. Thus, an equilateral 
triangle in the circle 1 -^ | = 1 corresponds to points of contact of 
parallel tangents of the cardioidc. 

2/7, ’tt/ 

transforms 


l+w 


Ex. 5. Show that the transformation ^ 


w 


the inside of the circle \ w \ =d with two semi-circular indents, of centres , 
1 and — drawn so as to exclude these points from the circular area and 
boundary, into the annulus between two circles in the Z-plane, of centre 
the origin and radii ce"*, ce~^, with a single slit along the real axis. 
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The given transformation is a com- 
bination of 

...(2) 

c > w 1— «> ' ' 


From (2), we have w>= 


C-1 


» » 


u 

ZA-1 


r+1 ’ 

1 is mapped on the half-plane 
<1. i.e. ^>0, where 


The semi-circular indent at 1, i.e., 
HI — 1 I =Si, where s, is an arbitrarily 
small positive number, corresponds to 


o 

T+1 


— e, or where 


y? is a large -he’e number. Thus, the 
semi-circular indent at 1 corresponds 
to a very large circle, centre —1, in the 
‘^-plaiie. 

Similarly, the semi-circular indent 
at —1 corresponds to a very small circle, 
centre 1^=0, in ihe^-planc. 

Hence, the inside of the circle 
^ fe ] =1 indented at zt»=l, — 1 so as 
to exclude the points and the semi-circular 
boiindary of indents is mapped on the 
region | ^ [ =s. I 

t]\e "-plane, where e, is an arbitraily 
small positive number and R is an arbi- 
trarily large positive number, i.e., e — ► 0 
and J{ — ►CO. 



■*Ai 


u3 - plane 




X 


Z~ PLANE 


Fig. 20 


r / 'ft, lO 

From (1), we have ^ , where Z = re , 


and I. e., r= 


ce 


2a6 'tt 


and 0s= 


-2fl 


yr 


log p. 


[ 


..p2o/m 
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Hence, $ >0, /. e., <f> rorrespnnds to the annu- 

lus between the circle r — and r^ce'^. When ?--0. 0-voo and 

when p->oo, 0 CO, supposing « to be 

Hence the corresponding region in the c-plane is the annulus 

between the circles [ ^ ] -cr-. 1 I 

positive real axis, or negative real axis. 

Exercise 3 


L>c-t-.3 


the 


1. Show that the transformation 

circle .v 24 -y- 4 A: = 0 into the line 4«-i-3-0, and explain why 
the curve obtained is not a circle, 

2 Find the bilinear transformation which rnakes the points 

I — 1 in ihe -J-plane correspond respectively to the points 

o’ 1, oo in the Mi-planc. 

3. In the transformation show that the upper half 

«i-plane corresponds to the unit circle \ z\ <1 in the ^-plane. 

( Hint. The upper half le-planc is given by | «--t | < 

1 * I • 1 

4 Find the bilinear transformation which makes the points 

2 1 -ft, 0 in the 4:-plane correspond respectively to the points 

0, 1, oo in the u'-plane. 

Show by sketches the domains of the le-plane and c-plane 
which correspontl. 

5 Find the bilinear transformation which maps the circle 

, . I on I if-l I I’"""'" ^ 

correspond to w=l, 0 respectively. 

Is the transformation uniquely determined by the data ? 

6. Prove that w^- maps the part of the real axis hetween 

z=l and 4:=-l on a semi-circle in the t£..plane. 

Find all the figures that can be obtained from the ongina ly 
sclccted part ofthe x-axis by successive applications of this 

A?so^^ppirtl>o\ransformation to the areas in the ^-planc which 
are respectively inside and outside the uml circle 1 
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Express 


the relation 


13t^ + 75. . . 

w= r-in the form 

.) 4 — 5 I 


— — k ^ where a, b, k are constants. 
w — b Z — b 


Show that the circle | Z \ —5 is transformed into the circle in 
the la-plane on the line joining the points w=^a and w=b as 
diameter and that points in the C-plane exterior to j -C 1 =5 are 
transformed into points in the n;-plane within the latter circle. 

{Agra 1949) 


8. Show that the equations 


Z—a 
Z — b 


=k {k^\), 


amp 


Z~h 

Z—a 


= 0, where k and 0 are variable parameters, represent 


9. 

10 . 


two orthogonal families. 

Find the bilinear transformation which maps the half-plane 
Im (r) ^ 0 on the unit circle | w j ^l. 


Show 


that the transfomation = : - ^- maps the circle 


r- 


a- 


j c I — r on the unit circle [ w | =1, if [ | T^r. If | <2 | <^f, 

it maps j C I <r on | tt; | <1 and ] < \ >r on \ iv \ >1. If 
I a I >r, it maps | ^ j >r on j tc | <1 and | c | <r on \ w \ 
> 1 . 

11. Find what regions of the M»-plane correspond by the trans- 
formation «'= rto : (i) the interior of a circle of centre 


C-=— (ii) the region »'>0, AT^O, | | <2. Illustrate by 

diagrams. 

Show that the magnification is constant along any circle with 
C = — / as centre. 


12 . 


.Show that 


the transformation 


Z-b 

wr-=k maps 

Z — a 


the 


space bounded by tliree circular arcs in the ^C-planc on a 
rectilinear triangle in the tr-plane. 

13. Let Cj, I C— -Cj I =ri and C.,, Z—Z.i ] —r^ be two non- 
concentric circles in the^c-plane, C, ying entirely within Cg. Show 
that, if Z=b are thelimitingpoints of the system of coaxal 
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circles determined by C, and C,, then transforms 

Cl and Co into concentric circles in the £c-planc with centres 
at zt; = 0. If the radii of these concentric circles are ?, and 
show that, although there is an infinite numiier of such 
representations, P, ; P^ is constant. 

Find the bilinear transformation which maps die outside of die 
circle \ < \ = 1 on the half-plane Re (w, ><», so that die 

correspond to respectively. What 

corresponds in the ir-plane to : (i) the lines amp C ^constant, 

(ii) the concentric circles 1 - [ = ?■, * J • 


Show that the transformation u- (c-!- 1 maps the interioi 
of the circle 1^1 =1 in the :-p)anc on the domain exterior to 
the circle I c I =l in the c-plane on the domain exterior to tlic 

i<f> 

parabola ,:^^l—eos 6, where w = 9e , in the «j-plane. 


{Agra 7.9-/?) 


If w= y > where c is real and positive, find the areas of 

the ^-planc of which the upper half of the u-plane is the 
conformal representation. (•'I.?'''* / 

Show that by means of the transformation • 

(c real), the upper half of the uj-plane can be made to corres- 
pond to the interior of a semi-circle in the c-plane. _ 

‘ (Aara i9 >K ■>/) 


Prove that, if 0<f7<7-, the inside of the circle 

;^2 4 -y = (i2 corresponds to the inside of an ellipse in the «'-planc 
but that the transformation is not conformed. 

Prove that for the transformation U}^-={z — a) {'-“/^)> *be critical 
points are r = y., Z = P, z = { {o'-+ ft), «' = ± J / (a — ^). 

Show also that the condition that a = co is not a critical point 

of the transformation w^f{z) is that Lt Z- /' {z) must he finite 

>co 

and non-zicro. 

Show that the length of the curve into which the semi-circular 
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arc 




rc 


= amp z ^“o" transformed by 


4 

ir- 


is 2 4-2 log (1 -hV 2 ). 



Show that by the transformation w = 


4 - ij , the real 


axis in the -C-plane corresponds to a cardioide in the zf;-plane. 
Indicate the region of the emplane which corresponds to the 
interior of tlie cardioide. 


22. I f — If cot“ , where c is real, show that the rectangle 

bounded by a:=0, .v = 7r, j-=0,_>'=oo, is conformally mapped on 
a quarter of the z<;-planc. 

Find a transformation ^=/(c) which maps this infinite rect- 
angle on the semi-circle | X } | 

[ Hint. For the second part combine iv= — ic cot-^ and 





By the relation !v = ae*‘, where a is real, show that the rectangu- 
lar strip on the -C-plane lying belwcen_;’=o3,j’= — co, x=0 
and .Y=7r, is conformally represented on the positive half of the 
ic-plane. {Agra J937) 

If is real and find the area of the domains in the 

ic-plane which correspond by the transformation to the 

rectangle a — b^ x ^ a + A, —b ^V^b. Find the ratio of 
the areas of the two corresponding domains and prove that the 
ratio as b->0. 


* f 

25. Show that the transformation maps an equiangular 

spiral in the fc-plane on a straight line in the ^-plane. 


26. Show that 2it' — log 


1 


-T< 


1 -^ 


maps 1 ^ I <1 on the strip of the 


ff 


uj-plane y 
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Show thal (lie 1 . 1 . = log represents the strip 

^ a ^ 

V=0 M=---7r, «=?r on the interior of the cardioidc 

(l+cos 0) in the -c-pUne cut along the real axis from the 

cusp to x — a. 


Show that, if r is real, 


conformally transforms the 

^-i-r 


strip V— —CO, i‘ 
Show that the 
.X— constant on 


= co, w=0, //^TT into the circle | -C | <c. 

transformation :r-:-l+e^ maps the lines 
a series of confpeal lemniscates (CassinTs ovals) 


in the a/-plane. 

If u; = tanh -C, show that the lines .v=const., .r = const., corres- 
pond to coaxal circles in the te-plane. 


Prove that this transformation maps the strip 0< r < 2 
mally on the upper-half of the ir-plane. 

Prove that ,e = cos i maps .he strip 0< Re (c) <- confornsally 
on the whole te-plane, snppnsed ctt. along the real ax.s from 

— CO to —1 and from -1-1 -h®®- 

irz=^x-\-iy, prove that the inside of the paraboIa^-2 = 4f2(x-l-c2) 
is mapped on the upper half of the tt'-plane by 

H' — r cosh ' ^ . 


Prove that cos log w), where = 

cosh gives the conformal representation of the region 


bounded by the ellipse 4- and the two lines joining 
the fori to the ends of the major axis on the region in the 
HJ-plane defined by h> 0, 1< | it’ | <e J93I) 

Show that the transformation «)=-C-h — - maps : 

(i) the interior of the semi-circle j | =1 in the upper hall 
of the ^-planc on the lower-half it;-planc and the exterior of the 
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semi-circle j ^ j = 1 in the upper-half ^-plane on the upper- 
half «j-plane ; 

(ii) the semi-circular ring between the circles | z I =i> 
I z I =:k >1 in the upper-half <?-plane on the semi-ellipse 


= upper-half zy-plane. 


Find the transformation which maps the outside of the ellipse 
I c — 2 1 + I -:+2 I on the circle | w | ^1. 



Show that u> = 



maps the upper half of the 


circle | c | <[1 on the upper half of the w-plane. At what 
points of the ^-plane is the linear magnification equal to J ? At 
wliat points is the rotation equal to ilzi ? Prove that the 
magnification is greater than unity throughout the interior 
of the semi-circle 3 1 C | - = 1 in the upper half-plane. 



Prove that, bv the transformation iv = 

y 4 


c /Z-a ,Z-\-a \ 
2 \z-\-a ) 


two 


sets of coaxal circles are transformed into sets of confocal 
conics. What region of the a;-plane corresponds to the inside 
of the circle j 1 = 2 ? 





Show that K’= -rmaps two of the four domains, into which 

1 — ^ 

the circles | ^-1 1 ^JIT, \ C + 1 I =y/~ divide the^-planc 
conformally on | w j <11. 

Show that if the relation between Z and w planes be given by 

Z'^-^zw cos x-f «’"=!» 

and if ^ describes an ellipse w'hose foci are the branch points 
in the c-plane, lo describes an ellipse whose foci are the branch 
points in the w-plane. {Agra ]94()) 

Use the transformations s=^/c, t=sin (i t: 11). 


and it'r 


t-l 


to show that 


sin — 1 

sin (J 7:v'4:) + l 


maps the inside of the parabola r— ^ the .C-plane cut 

from the focus (<: — 0y to the point —oo, on the unit circle 
in the w-plane cut from w=0 to w=l. 
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ANSWERS 

1. Writing the given transformation as a combination ol 
(i) (ii) = {'i') .'--r-, 

we sec that (i) transforms the given circle into a circle 
passing through the origin which is transformed into a 
straight line by (ii). This st. line is preserved by (iii). 



4. w = i~ ^ ; 1 ^ maps on j ic r^ I -■ (■;) - 

Im(c)>h on Re («’)>', Rc (c)>l on 

I w I <, 1 , 1< I I <- 1 I <- 


1 — 


Real axis between -CO and 1 is mapped on the 

arc of tiic circle j | - 1 in tlic second cjuadraiil and 
between 4=1 and .3 = 00 on the arc ol ! tr' | =1 in the 
first cpiadrani. 


w — a 
w — b 


— ^ ^ where — 4-j-3/ and b — 4+3/. 

r\ * ' 


9. w—^ ^ e^y A rctil and Irn (^ 2 )> 0 . 

Z—a 

n 

II. (i) I itJ — 1 1 >-y corresponds to | 4-1-/ ] <r. 

(ii) The region bounded by the circles | ic — I | ^1, 
I u; I =1 and the negative imaginary axis. 


14. 


11 ; = .'"'^ . ; (i) Circles with centres on the imaginary axis 
4—1 

and passing through the points if= 1 , u.’=: — 1 ; (ii) Tlic 


circles 


w+ I 
w—l 


^r(r>l) 


16. Lower half of the circle | 4 | =c. 
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22. 

24. 

35. 

36. 

37. 


Lower*half ^‘plane. 


^ . 1 — ic col ^/2 

1 t * 


l-^ic col z!2 




1 + 


W . ( 2 *) 

u 


1 +...] 


w 




7 

w 


At points on the rectangular hyperbola 2 a“ 

tO 

points where r- = cos 20, where w=^re . 

10 ^ 

Exterior of the ellipse ,, ., --1 — ~ = 1. 

2o<;- 


9r 


!y- = 1 ; at 



CHAPTER IV 


COMPLEX INTEGRATION AND POWER SERIES 


4.1. Complex Integration. 

In real analysis, we dclitic indefinite integration as an opera- 
tion inverse to din'erentiaiion and definite integration as the limit ol 
a process of summation. The two definitions give the same result 
and this fact is a very important and fundamental result of the 

calculus. 

No difliculty is experienced in extending the concept of indefi- 
nite integration to analytic functions of a complex \arial>le. Thus, 
the indefinite integral /■(-) analytic function J{z) is defined 

by the relation /■'(-)=/(-)■ The notation J / > c)r/r for indefinite 


integral F{z) of/(r) is explained in the articles that follow. 

HowcNcr, the extension of the concept of definite integration to 
the complex domain is not so easy. In the case of a definite integral 

of a real function the path of integration is always along 

*' a 

the segment of the .v-axis between the point {u, U) and (/^O). In the 


ri 


case of a definite integral of a complex function ./"(-V/r, ...(1) 


9 * - 


It 


on the other hand, the path of integration can be any curve from z^ 
to j„. The integral (1) is called a line inLegral {ov, d curvilinear 
integral) over the curve. Its value might, therefore, be expected to 
depend upon the path of integration selected. We shall show that 
this is not the case when the path of integration is a regular curve. 
The case when the definite integral (I) is independent of the path of 
integration is the most important one. 
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Let the equations to a regular curve C joining the points Zg 
andz„be x=m 3’=*^(0. 'n, so that the point z moves 

along the curve steadily from z„ to z„ as / varies from to If 
/(z) is a one-valued continuous function of z, then u and v are one- 
valued continuous functions of ,y and and therefore of t, when the 
point z is on C. Let z„ Zj, z,, ...z„-i, z„ be the points on C which 
correspond to the values /i, ^l-u parameter/, 

where 

n 

Consider the sum ^ /(^r) (-r— -r-i)j 

r=I 

where is a point of C between =r-i and z^. If the sum (2) tends 
to a definite limit 7 as and th'e maximum of the numbers 

lends to zero, w'C say that, f{2) is integrable from to 

z„ along the curve C, and we write J= I f{x)(L\. 


This definition is due to Ricmann. 

As / increases, the point x moves from z„ to z„ , 

hence ihe direction of integration is from to 

Further, writing >V— i(*r> ^'■)j where 

f{z)^u{x, v)-l-/r{.v, y), the sum (2) is 

// 

r= 1 

Now, by mean-value theorem, Xr—Xr-i = <f>{tr)-f}>{h-i)^{fr — tr-i) 
where /r_i<7’r </-■. 

Similarly, iv— = where 

Hcncc, the sum may be written 


n 


r^l 


(3) 


Since all the functions concerned are continuous (and therefore 

uniformly continuous), we can, given find S so that 

I ii,6'{T,)-~ii{x., XrWilr) I <£ for every r, provided that each 

I Ir-tr-l I <-3. 

n 

Also {s(^r “/r— l)} — O* 

r-l 



COMPLEX INTEGRATION 


07 


n 


It follows lliat, as s and S--0. ^ (/, —/,_,)} tends 

r^{ 


n 


to the same limit as Z {m(aVj — which, accordiim 

r-I 

to the definition of the definite integral of a continuous real function, 

I* f II 

lends to the limit </'(/)} th- 

• C ' 

Similarly, the other terms of (3) lend to limits, and we find that 

j* 

the whole sum tends to the limit 


(u \-iv) t)-\-H.\i))dt, ...(4) 


! 


It 


the integral being interpreted in the obvious way as the sum of two 
real line integrals, one of which is multiplied by /. 

This limit (4) is taken as the definition of the comple.x integral 

(1) along C, and we write I I (» + /v) {^' 

•' C •' (5) 

This representation of the complex integral in terms of real 

integrals shows that we can replace </r by and expand the 

integrand, 


/.t'., r f{z)(lz--=\ (r/.v-i /Vv). 

C •' C 

— f (udx — \dy)-\-i I (i7/.v + m/>’). 
•' C C’ 


( 6 ) 


4,11. Contours. The regular curve C along which the integral has 
been taken (§4'1) is called the contour of integration. In general, 
a contour is defined as a continuous chain of a finite number of 
regular arcs. A simple closed curve which consists of a finite 
number of regular arcs is called a closed contour, a circle, an 
ellipse, a polygon etc. If r=r,, in ^4*1, we get a closed contour. 

When the contour C is closed, the I f(z)dz does not indicate the 

C 

direction in which the contour is described. By convention, the 
positive sense of description of a closed contour is taken to be 
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counterclockwise and we shall always assume it to be so unless indi- 

cated otherwise. The notation (S is also used to indicate 

^ C 

the sense of description of the closed contour. 

When the contour C consists of a finite number of regular 

I* ^ I’ 

arcs C (r=l, 2,3,..., /c), then fiz)d 2 =X 

J C ■ r=I •' C 

4.12. Elementary Properties of Complex Integrals. 

We have seen (§4*1) that the complex integral is simply a 
combination of two real line integrals ; hence, some of the most 
obvious properties of real integrals extend at once to complex 
integrals. 

For example I {/(-)+^(-)]t/-= j /(-)'/-+ f 

J c d c c 

and J kf{z)<h^k j /(c)(/r, where A is a constant. 

Also, if C, denotes the contour C described in the opposite 
direction, 


‘ f{zyh^~ f mdz 

Cl d c 


1 


Ex. 1. Find the value of the integral of ^ — r' ^ound the circle C 


Sr S., 


whose equation is j C — | —r. 


ii) 


The parametric equation of C is z—e:^~re where 0 varies from 
0 to '2- as <: describes C once in the positive sense. 

J d' 1 I* dlt 

= 2~i. 

Ex. 2. Prove that j ( : — c,,)" (/c=0, where C is the circle 

C 

I z — Z(. 1 — r, and n is any integer, positive or negative, other than—l. 



COMl'I LX INTEGRAIION 


99 


'i'he parametric equation to C is z — , 'dierc 0 varies 
from 0 to 'In. 


Hence, ( {z — z.ydz^ 

d n • 


(I 


•' 0 


rt'O 


n + 1 


n -r 1 


,(//+l)0/ 


277 




o 


=0 + = 1 . 

If «-5= — this is the case of t!ic preceding example. 

In particular, when ^„ = 0, | c''t/.j = 0, 1). 

•' C 

4.13. An Upper Bound for Complex Integrals 

Tltcorem. If M is the upper bound of | f{x) [ on a con- 


! r ' 

tour C of length L joining z„ to z„ then f(z)dz [ c.^ML. 

• C 

Since the modulus or the sum of n complex numbers is not 
greater than the sum of ihcir moduli 1*9, 1 Ii- IJ- "e iia\c 


n 


n 


Z {/(X.K-',— r,-.)} I ^ if { \J C.’) I ■ I --.--,-1 I } 

r=\ ' r— 1 


n 


I -r— 'r-. I • 

/•=1 

Passing to llic limit as ;/ and max. | r,— r,_, | --0, wo Itavc 
the relation 


f{2)(h 

C 




dz 


c 

I* ^ n 


M J I </.- I . 


of the contour from to z„ which correspond to and /„ res- 
pectively. 


Hence, 


j‘ /(*)<■/.’ 


.ML. 
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4.2. Cauchy’s Theorem [Riemann's Proof). 

Iff(z)isaii analytic function of z and if f'(z) is conti- 
nuous at each point within and on a closed contour C, then 


f 


f(z)dz = 0. 

C 


Let R be the region bounded by the closed contour C and 
^ (-v, v)» be continuous functions of .t and yin 7? 

tlien by Green’s tlieorem, we have 



g) 


Now, by §4*1 (6), we have 




/(-) 

C 


( u (lx — r dy) + / 
C 



(r dx-\-u dy) 
C 





( 2 ) 

since f'{z) and, therefore, //^, v^., \\ are continuous in Ry thus 

satisfying the conditions of Green’s theorem. 


In view of the Cauchy-Riemann conditions, the integrands of 
the two double integrals vanish throughout the region R. 


Hence, f f{z)dz=0. 

C 

Note. This is the simplest and original form of Cauchy’s 
theorem. The proof which depends on the two-dimensional form 
of Green’s theorem requires that /'(-c) be continuous. However, 
Cioursnt has shown that this assumption of continuity of/'(«r) is not 
necessary. The removal of thi.s condition is of prime importance 
to the theory of analytic function.-;. In fact there is no jnsiification 
for assuming that the derivative /'{z) f'f an analytic function f{z) 
is coniimions. This is one of the results to be deduced from Cauchy’s 
theorem. 
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4,21. Cauchy’s Theorem {Goursni's Proof) 

If a function f z) is analytic at all points within and on 

a closed contour C, then f{z)dz = 0. 

C 

The proof depends on i)ic following lemma. 

Lemma. Given any orhilrari/y small positive number z. if is 
ahvays possible to divide the interior of C info a finite nitifihei oj 
meshes, either complete sguares or partial stjuares. such that, there 

exists a point r within each mesh such that ^ —f\- : 


for all values of z in the mesh. 

Let the interior of C be ^ 
divided into a finite number of 
equal squares, complete or par- 
tial, by lines parallel to the 
coordinate axes. Now suppose 
that the lemma is false for at 
least one such mesh. 

Subdivide (his mesh into 
four equal squares, complete or 
partial, by lines parallel to the 
axes. Then, in at least one of 
these smaller meshes, the lemma _ 
is false. Continuing this un- 
ending sequence of subdivision, 
the meshes, in which the lemma is f 
'C which obviously lies within C. S 


( 1 ) 



alsc, determine a limiting point 
lince the lemma is false at the 


point r, \ ■ —f C.) 'vhcrc \ z~K \ i': small. This 

shows that /(z) is not dilTerenliable at ihus contradicting the 

hypothesis that f{z) is analytic at all points within and on the 

contour C. Hence, the lemma is true. Taking " to be the 

inequality (I) is satisfied. 

Proof of the theorem. 

Let C\. 2. 3,..., n) be tfie boundaries of a set of meshes 

into which the interior of C can be divided, as in the lemma above, 

so that the points exist for which the inequality (1) is satisfied. 
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The inequalily can be slated in the following form : 

...(2), where | e, | <e. 


- 1 : 


Now let z represent any point on the boundary Q. ; 
then, according to equation (2), 

/(^)=/(m.-)-w,/'(z,.)+/'{ 2(.). 2 + ("-rtK. (3) 

Since r/r= Lt Z ((z, — rr_i).l} = 0, as max ( z, — z,_i | -^0. 
• C *00 r=^l 


and 


r ” 

I ^ {^»(-»^ — ^r— i)} = Lt^{Z,_j(Z, — l)} 

• C >oo 


= i Lt 


r /(r)rfz= r {r-z,K. 

•' C. •’ r,. 


A- ’ C, 

Let the integral round each Q. be taken in the counterclock- 
wise sense, then 

j f(z)(lz ==Z I = {z — z^)z^dz 

■' C A' = l Q Jq 

and hence, by § 4. 13 



<Z 

( {z—z^)zkdz 

J c 


•' C. 


5?^ 


Z ( ^‘"“-A I \h \ I ■ 

* Cl. 


I-— 'aI U/rt, 


Q. 


(4) 


Each mesh bounded by C*. is either a complete square or a 
partial square. In either case lei a be the side of that square. Now, 

I -“-/i- I 2 " (the length of the diagonaL and f \ d: \ =4<7, if 

Q 

C^. be a square ; 


J I --'t [ \ dz \ 2 , i.c., < 4 ^ 2 Ak 


(5) 


where A,; is the area of the square C,,. 

If Cj. is a partial square and Z.^. is the length of the arc of C 
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that forms a pari of C,., iheii I I \ | <■/- 1 2 [4o-{-L,_.) 

<4v/ 2 .4,, + a\' 2 L,.. ....-..(6) 

If h be the side of some square containing C and A its area, and 
if i be the length of C, it follows from (4i, (51 and i6\ that 


f f{z)(lz <C-(4\' 2 2 

, c ; 

where is a constant. Since, z is an arbitrarily ''iiia 
number, it follows that J* 


II positive 


Note 1. The revised form of the ilieorem in wliid. it is proved 
above is also known as Cauchy-Goursat theorem. 

Note 2. Cauchy’s theorem is also stated i.t the following form : 


If f (^) he analytic in a region R bounded 
hy n contour C and ij Cj and he two different 
contours, entirely contained in R and joinini^ two 


points Zo, Z„ of R, 



I'or, rcv’crsing the diicction oI Co (see 
fig.), the two contours Ci and Co form a 
closed contour. 


Hence, f f{z)dz 

J C, 


f J 

J c, 


f{z)dz^i). 


This theorem show.s the usefulness of 
complex integration as it establishes the 
independence of the integral of the particidar 
evaluated. 



4.22. An Important Remark. If is not necessary for the truth of 
Cauchy's theorem that f {z) should he analytic at points nn a contour 
closed C. The theorem holds, even if f{z) is analytic in the inferior of 
C provided it is continuous upto and on C. 

A rigorous proof of this was first given by 5. Pollard and is 
beyond the scope of this book. The following explanation in intui- 
tive language can, however, be given. 
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Sincc/('r is conliniioLis in ihe interior of C we have 



where C is n contour which tends to C from inside it. As /‘(z'lrfr 

• C 

vanishes for all positions of C. the result follows. 

4.23, IVf ultiply-Connectcd Regions. 

A region bounded by a simple closed Jordan curve is called 
siwply-connccictl. [n general, if any simple closed Jordan curve C 
which consists of the points of a region R be such that all the points 

interior to C arc also the points of R. then the region is simply- 
cainncclcd. 

A region whose boundary consists of two or more simple 
closed Jordan curves having no points in common is called muhipyl- 
ronncclcil. Thus, if C be in — 1) simple closed Jordan 

curves having no points in cominon and all lying entirely within 
anoilici simple closed Jordan curve C. then the multiply-cotinected 
region whose boundary consists of C C,, C„ is said to be 

Ilf con/uu rivii y n. 


F or example, the circular ring 1 , ] j j <3 is evidently of 
ctumccliv ity 2, i.c.. the circular ring in (hiihlv^rnttncclcil 


The region enclosed by the 

closed contours C, or C, or C , in 

lig. 23 is simply-connecled but 

the rcgitui whose boundar\' con- 

# 

sisis iT the ch'sed contours 
(\ C~ and C'j is nuiliipl\-con- 
nccied. 

A multiply-connected region 
can be made simply-connected b\ 
introducing cross-cuts joining the 
inner ciir\c to ilie outer ciir\e 
see l]g. 23 . The bound. iiy con- 



L 


''isting of the curves C. C',. ( C Fie. 23 

and the lines form a closed contour and 

(hcorent applies to such a rcuion. 


Cauchy’s 
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4.24. General Statement of Cauchy’s Theorem. 

If f{z) is onalyiic within and on the boundary D of a multiply- 
connected region R, where B consists of a finite number of disconnected 
closed contours each described in such a sense that points of R arc on 
the left, then 

f f{z)dz = 0. M) 

.1 c 

The ihcorcm is proved by changing ihc nuiliiply-connccied 
region into a simply-conneclcd one by means of cuts AB. L.\f. PQ etc. 
as in fig. 23. The path is indicated by arrows in tlie fig. and since 
along a cross-cut, say, AB, the integral is taken once along AB and 
then along BA, tJic integrals along cross-cuts cancel, and we get 



since the integrals along the inner curves C^. C., etc. arc taken in the 
clockwise direction. 

It follows tliai 




where all the integrals are taken in the positive 
counter-clockwise direction. 



sense, i.e.. the 


Note. When a closed contour C, lies entirely within another 
closed contour Cj, the region l)eiwcen the two curves is railed an 
annular region. Akso 


J f f{z)dz 

C., . ‘ (?, 

This freedom in the cliolre of contours gives a great 
to complex integrals. 

As a particular case C, can be taken to be a circle, 
result of Ex. 1 (v}4,12) is true for any closed contour t?, 


(-3) 

(lexibilitv 

9 

'riuis, the 
containing 


r dZ 

the point z., in its interior, i.e., \ 

an'- — '-0 

possible to find r such that circle j Z — z„ 
so that 


since it is always 
j =riios entirely within C, 
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lOfi 

4.25. Indefinite Integrals. 

Let /(r) be analytic in a simply-connected region R, then the 
value of the integral 

r‘ (1) 

depends on r only ; for, if Cj and Cj arc two regular arcs from Zo 
to r and lying entirely within 

f f{Z)dZ= f f{Z)dZ, (2) 

where the points on the curve arc denoted by r [see § 4.21, Note 2.]. 

Hence, when r^, is fixed, the integral (1) is a one-valued func- 
tion F{z) for all regular paths in the simply-connected region R. 
Such a function of the upper limit is called an indefinite integral or 
an antiderivative of/(r). 



1 • - “h - 

— r-,- [f{Z)~f{=)]dz. 

since /(ZV/Z----4-V f dZ-f{:). 


Also/(r) is continuous; |/(Z)-./f;r) | <s, when | Z-z ( <S, 
or in particular, when 1 A" | <;8. 
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Hence, when 1 ' r ( we have 




/(z) 


,.r+Az 




Az .1 - 


|/(Z)-/(r)l \<h\ 


I Az 


. Z 1 =- 


(By $ 4.i:i] 


Tins proves that ihe dcrivalivc of f'(r) exists, Ac.. F'{z)--f{z) 
at each point r in R and. therefore, F{z) is analytic. 

Thus, F{ 2 ), the indefinite integral of/{z) is an analytic function 
of its upper limit. 

If G{z) is another analytic function, such that G'(z)^f{z) 
throughout R ; then [^(z) — f7(z))^0. 

, i/w ?u .P»’ 

Let u' = r{r)-C(r) ; then ^ .v ’ 

and therefore ^"=^-'=0. Since ic is an analytic function. 

’ dx ^.x 

1 • ^ o 

we have (in view of Cauchy-Riemann conditions) ^ y~ ^ y~^' 

Hence, u and v are constant, i.e., F{z) — G{z) is constant. 

Let F{z)-G(z)^k, a constant. On putting r = ?„, we get 
A-=— G(z„), since T(r„) = 0. 

Hence, F{z) — Giz)— — G{z,.), ic,, A(?) — G(r) G{z.,) ; 

fiZ\lZ^G{z)--G{z^). 

' Zo 

4.3. Cauchy’s Integral Formula. 

If r» is analytic within and on closed contour C, and 

1 • f(z)dz 

if z^ is any point within C, then i-ri ' 
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Let be a small circle with centre 2 ^ 
and radius so that it lies entirely within C. 

Since /(r) is continuous at we can 
take so small that \f{ 2 )-~f{z^) } <s, onC^. 

Also, since/(r)/(r — z^) is analytic in the 
annular region (or simply annulus, or ring- 
shaped region) between and Cj, we have, 
by Cauchy’s Theorem [§ 4.24(3)] 


c 




Fig. 25 



J 




dz. 


The first term on the right = 27r/ /(r^). [See Ex. I, § 4.12] 


Also, by § 4' 13, 


I r 



27rr^=27re, 


Mence. 


r R=l.,i.^ 277if 2j I <27re. 

♦I ^ ^ » 



But the L. H. S. of (1) is independent of s. Its value must, 
therefore, be zero. 


Thus, 


C 


rfz = 27r, ■/(.,), 


or f{ 2 .,)^-- 


I 


7^/ 


ft 


f{=)d 


•9 


C 


■ 2 . 


( 2 ) 


Note. This is called Cauc/iy*s Integral Formula. It expresses 
the value or/(?) at any point within C in terms of an integral which 
depends only on the values ofy(-C) at points on C itself. This formula 
is, hosvever, applicable to functions- which are analytic within and 
on C. 
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Cor. Tff{z) is an analytic function 
in an annular region between ino closed 
contours C and C (sec fig. 26), and r 
is a point in the region, then 




where C is the outer contour. 

Drawing a small circle | 



= rQ in the annulus, 


\sc sec 


that 





is analytic in the region bounded by the tlircc contours C. C 
and Co, and, therefore, by § 4-24 

/ ( z )dz __ I' / 1 z V/:r I’ / *' z)dz ^ 


r - 

# 1^2 — Zo 


closed contour in R 


from which the result follows. 

4.31. Derivatives of Analytic Functions. 

Iff(z)is analytic in a simply-connected region R, it 
possesses a derivative which is again an analytic function in 
R. At any point z = Zo within R this derivative is given by 

f(z) 

C 

surrounding the point Zu. 

Let Zo+/ ,Zo be a point in C in the neighbourhood ol‘ llicti, 
since y^(z) is analytic within and on the contour C, we have, by 
Cauchy’s Integral formula 

f(Z(, 4- ■ "o)^ 


f'(z„)= f - - .. dz, where C is any 

^ 27ii J r' 





no 
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f(z)clz 


2,7ii *) Q {z — ^ti) 


liri , 


( 


'(j) i fz zo j* A 

2 — rj“ 277 / J r 


,.(I) 

Now. since /( 2 ) is analytic on C, it is bounded there ; let 
I A-) 1 <-A^ on C and let L be the Icngtli of C. If S is the shortest 
distance from z^ to C and if | [ <lS, \ve ha\c 


(• Az) ch 

J c — A^«) 

whiclt is bounded as j | -.^0. 

Hence, the second term on the right of (1) tends to zero with 
! 1 , and, 

1 


ML 


> M 


SV- I 4-1. I ) 


J Q 


:2) 


This is Cauchy’s formula for/' (Ct,). 

We siancd with the hypothesis that /'(a) e.xisls [sincc/( 2 ) is 
taken to be analytic] but now that wc have proved that /'(r) exists 
and obtained the formula for it, wc can repeat the above process. 

Wc have 

/'{r„+ ; =.,) — _ . J .. I* fi~) 

— . . “ I /- - \ 2 .'- - _ • ^ 

and we prove as before that when this tends to the limit 

“ ( . Hence, /''(z), the derixalive of /'(z) exists, 

277/ .1 (- (2 — z.j^ 

and is si\cn by the fonnula 


r -^¥-“ 

2-/ j 


(3) 


The reasoning used in establishing formulae (2) and (3) can be 
applied repeatedly to obtain a formula for the derivative of any 
given order. Hence, by mathematical induction, we have the 
general formula 
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/"(O = 


lil 

277/ 


t\z) (h ITT 

V' - 1 3,...., 


(4) 


i. e., assuming this formula lobe true for n — ni, wc can slu>s\ iliai it 
is also true for // — //t-rl- The details of the prool arc left to the 
reader. 

Since tlic deri\aii\es of all orders, / 

exist in the neighbourhood of each point within C, it follows that 
/'(z), are all analytic functions in H. Thus, wc 

can state the following fundamental result. 

Theorem. A funclhm /(r), analytic in a simp} \ ■connected 
region R, possesses deriyatives i '\ z) nj all oi deis all of n hich are 
again analytic funclions in R. IJ C is an \ cluseil contour in R sia- 
rounding the point z„ w ithin R, then 

./ {z;dz 


J \-o) '5_,- I ,>< ‘ 


Notel. It can I)C shown as in ^ 4-24ih.it Clan, hy’s integral 
fornnila (§ 4’ll) as well as the fomnila (4) above hold, if the contoin 

C is replaced by the boundary of a •( oiinccicd icgioni«.n- 

tainlng the point Z„ in its iiiKnioi. 

Note 2. The theorcni above cinpletcs the proofs ol the 
theorem in 2 r»l atul the equation (.4) § 2 «*. We assiirnctl ihcjc 
that if = is an analytic fiiiiclion, ih. n the p.iriial denvaiives 

ofu and y of the first and seco.ul orders exist and are conlttnions 
functions oft and y. This assninpiion is jnsiiticd by the theorem 
above. The theorem above is one of the most curious facts in the 
theory of functions of a complex \'ariable. 

Notes An important <lednctton from the theorem above is 
the following converse of Cauchy’s theorem, known as Morera's 
theorom. 

4.32, Morcra*s Theorem. 

If f z) is continuous and oue-valucd in a simply-conuec- 
ted region R, and if f z) dz^O, for every closed contour 

C in R, then the function f z) is analytic in R. 

If To is a fixed point and r a variable point, both in the mlci ior 

of y?, then the integral | /{'/.) dZ is independent of the path 


•f ^ 


o 
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(§ 4-21, Note 2) and hence represents a one-valued function F[ 2 ) for 
ali regular paths in R. 

Now, in proving that [see § 4'25J. wc only assumed: 

(i) the coiUinuily of/t r) in R, 


and lii; that /(r)(/r — 0 for some closed contour C in R. 

J c 

Bolli these conditions are satisfied by/(r) here. Hence, the 
function /'(r) is analytic in R, and lias the dcrivali\e /(r). But in 
^ 4'31, wc ha\e show n tint the derivative of an analytic function is 
analytic. Hence. r\r), /.c., /(:) is analytic. 

Note. It can be sliuwn as in $4'24tl)at Morera’s theorem 
holds if C is replaced by the boundary oj‘ a multiply-connected 
region. 

4.33. Necessary and Sufficient Condition for f(z‘; to be 
Analytic. 

If /, j) is anal\ lie in a gi\cn region, Caiicliv's theorem slates the 
necessary condition. Morcra's theorem stales a siitlicieiu condition 
for the continuous function ,/:r) to be analytic. Combining these 
two theorems, wc state : 

J'/u- Mccc.v.si//- 1 u/n/ su/jicient conJitiun that a coniinuous 


Imu lio/i J ■' :) is cinalylic 


in it iiivcn /cg/o/t R is that f(z) </r — 0, 

C ' 


tor t'lt’M i/nscil n'Htniir C in R. 

« 4 

4.34. Cauchy’s Inequality. 

If f(z is analytic within a circle C„, | z- z,, , — and if 



M on C , then I f " (z„) j c 



Bv 4 31. f " 


On C.. 


/ -- 


l- 


- - I 

i, / 



4 



M 

f- \ \ 


, and the length of C . is 



hence, hy ^ 4* 1 3, 


COMPLEX INTEGRATION 


113 



i.e., \f’\ 2 „)\ 


M \!i 


7t 


U 


4.35. Liouville’s Theorem. If a function f(z) is analytic in 
the whole z>planc and | f(z) ( is bounded, then f(z) must be 
a constant. 

Let |/(z) I <A/' for all \alucs of?, then Caiidiys inequality 


(§ 4*34), we have 




.1/ 


/• 


, for every and r„. Making 




we find that /'(?„) = 0 at every point Hence, /(?) is a 

constant. 

Aliter. Let and z, be, any two points and let C be a large 
circle [ z 1 such that z, and z-^ lie within C, i.e., /^> | Zj | as 
well as I Z 2 I . By Cauchy’s integral formula, we ha\c 

* f /(^) -- . * f 

Ini .} z — z.. 


/(z.)-/(Za)= 


_ * _ f ^“^2 fiz'iJ- ■ 

“ 2Tf/ J c^z-z,){z-z.,Y^ ^ ' ' 




MR I r,-z, I 

(y?- I Zi 1 ){R- 1 Z., 1 



which .*0 as R- 


Hence, /(Zi)=/(Z 2 ). Since this result is true for all values of 
z, and z.., it follows llial /(z) is a constant. 

Note 1. A function which is analytic in the whole Z-))lanc is 
called an integral (or entire) function. 

Note 2. Liouville’s theorem can be slated as follows also : 

A non-constant integral function is unbounded in the z-plane. 

Note 3. In particular, if the integral function /(Z) is a 
polynomial of degree I, lhc/(z) is unbounded in the Z-plane. 

Ex. 1. The function /(Z) is analytic when \ Z | <C R' . Prove that 

if \a \ <R<R\ 


1 I* — aa 

^ 27rf J 


S{Z)dZ, 
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where C is the circle \ Z \ =R. 

Deduce Poisson s formula that, if Q<Cj<C.R) 

in 1 R^—r- i<f>\ ji 

I {re )- _ 2Rr cos (O^T+T*'" ^ 

(Agra, 1968) 

Since | a I <«, the point a is interior to the circle 1 -C | ~R 
and the point is exterior to the circle ) z \ =R- Let 

= -2k-Jc( 

^__L r |- f ] 

L -I -* 

is analytic within and on C;.*. I = 

R'- — Z(i *t C ^ 

Hence, /= - i-- j - ~^^rfc==/(a)> 

’ '27TI ,1 (■> c — <t 


( 1 ) 


by Cavichy’s integral formula. 


Putting a = re^^ , so that r= | a [ <iR, and the re- 


lation (1), we get 

rr V 

S{r^ ) 


1 (A'^- r-) / {Rt^^ ) _ . , 

0 (/ee'V -re^^ ){ 

(A— r2)/(A/’‘^ ) d4> 


4^771 p 


O— 

1 




1 




->_ 

' 0 


A-~2Ar cos (0— -^) + r- 

Ex. 2. Liouville's theorem to prove that the equation 

l\z)vi^-a^f a^^-\ a.yr^-r .-.at,z^ = 0, (k=f -i, o, ...: a^^O) 
has at least one root. 
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O for any then /(c) is aiial\ tic c\'ci y\\ here. 


Since | /(c) | as [ c 1 ] /(■;) | is bounded for all Hence, 

/(C) is a constant, by Lioiivillc's ilicorcni. Hut iliis contradicts tlic 
hypothesis that /•'(:) and, therefore, J (z> is not a constant, since 

(/k = 1 j 2, .i, ...j. 

Hence, /'(C^^O lor <it least one c. 

Note, 'rhe result proved above is known as the Fuodaracutal 
Theorem of Algebra. Hy repeated apf)licatio3i ol this theorem, 
we can shotv that iheetptation F(.z) — 0 has exactly k roots. 

4.4. Series of Complex Terms. It is presumed that the reader is 
acquainted with the theory of infinite scries with constant complc.x 
terms. Jn this and the following articles, we gi\c a brief discussion 
of series with variable terms. 


CO 

Let the series be^ u„{z)- n,(r) + ... . Consider 

n I 


the set of points z which belong to the regions of definition of all 
the functions n/r), t//?), etc. At such a point r, the series 

2’ w„(z) may or may not converge, llic set of points c for which 
every term is defined and for which the scries is con\ergcnl is called 
the ref'ion oj conycri'c/icc. 

The convergence of a power scries is one of the simplest cases, 
we have already seen 2‘7) that the region of convergence of the 




power scries^ z" is the circle | r [ -// called the circle of 

/j=0 

I 


1 


convergence, where 


^ Ll 


ff„ 1 '• , and tiuil the power 


series represents an analytic function within its circle ol' convergence 
provided R is a non-zero finite number. 

The general problem, however, of a scries representing an 
analytic function depends on the concept of uniform convergence 
which is discussed in the following article. 


4.41. Uniform Convergence. TJic concept of utii/or/n conycr- 
f'Vfice of a scries with variable complex terms is defined exactly in 
llic same way as with respect to a series with variable real terms. 


no 
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CO 

Thus, the series (?) converges uniformly in a region D if 

given £>0, there exists an integer N-^N{e) {depending on e but not 
on s) such that 

I w„4.i (?) + Mn->-2(-)*h ••• I 

for all n ^ ,V, all p ^ I and all z in D. 

We give below some useful theorems on series of complex 
terms which can be proved exactly in the same way as the corres- 
ponding theorems for scries of real terms. 

I. If \ z \ ^RyOisthe circle of convergence of the power 

series Z i-er/fj is uniformly convergent in the circle 

I - I =/■. where 0 <i r R. 

II. Weierstrass’s M-Test. The series ^ u„{z) is uniformly 
and absolutely convergent in a regioh D, if \ «„(?) | ^ Mn 
,! = (/, -f 3...) for all z in the region £>. where Z is a convergent 

series cf positive constant numbers. 

III. The sum of a series of continuous functions of z, which 
converges uniformly in a region D, is also a continuous function of 

z in D. 

IV. A uniformly convii^gent series of continuous functions can 
be integrated term hy term, i.e., if the functions ujz) are all conti- 

CO • 

nuoiis on C and converges uniformly on C, then 

I 

CO ^ CO * 

Tit (■*) ydz—T I //„(r) dz, where C is any contour in the 

/ " J C 

region of convergence of the scries. 

V. If each term of a series is an analytic function, the series 
can he dijfcrentialcd term by term at any point within a region in 
which the differentiated series is uniformly convergent. 

4.42. Theorem. If the functions Ui{z), ...,Un{i)....are all analytic 

CO 

in the same region R and if the series ^Mn(r) is uniformly convergent 

I 

in R, then the sum of the series is also an analytic function in R. 
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oo 

Let S(z) = ^»,.(3), then i‘(z) is continuous in/?, since each 

I 

w„(z) is continuous [-.-//^(z) is analytic] and the series is uniformly 
convergent. 

( t 

S{z)dz exists, where C is any closed contour with- 
C 

in R. Further, because of uniform convergence, the series can be 
integrated term by term on C ; 


C 

Now, r ujz)<lz = 0 (// = L2,3,...), by Cauchy’s theorem, since 
C 

every u„(z) is analytic within and on C ; 




/. f .S(z>/z = 0. 

.1 


C 

Hence, by Morera’s theorem, S z) is analytic. 

4.5. Taylor’s Theorem. If f(z) be analytic at all points 
within a circle C,, | z-z,, | =r,„ then at each point z inside C„, 

^ f"(z ) 

f(z) can be expanded into the power series^ — ^"(z — z,,)" 

with a non-zero radius of convergence, and that the expan- 
sion is unique. 

Since z is an arbitrary point within C„, let j z — z„ | =?<r„. 
Now, chose pj so that P<?i</'„, and let s be any point on the circle 
C, I z„ I ==Pi: then 

1 _ „ * ^.J. 


_v 


(I) 


Tlic scries (1) is uniformly convergent w.r.t. 'C along C,, since 
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and ihe same is (rue for the scries 


-- -L- - (z-z Y. 

2~i ‘ 'i — z liri (X — 

Hence, iniegrating (he series (erm by (erm (§4.41 
we have, by §§ 4.3 and 4.31 


(2) 

IV) w.r.t. X, 


/*/- 'in 

fi=)-= Z U, ("--A 

n = 0 >- 

which is the desired expansion in power series. This resuU is known 
ns (lie Tiiyhr's theorem and (he series on (he right is called (he 
Taylor's series (or expansion). 

If possible, let f{z) have a diiTerent power series expansion 


^ajz — c convergent in the same neighbourhood as the power 

0 

scries 3'. We have already seen in § 2.7 that a power series can be 
dilTercntiatcd term by term as often as we please at any point 
\\ iihin its circle of con\'ergencc. Hence, the coefficient a,^ of the series 

can he determined by differentiated /(z) n times and then pulling 


Thus /’''(z, .) = </,. 





If follows that 


CO 


m-z 


n 


^0 




Hence, every power scries is a Taylor series, i.c., the expansion 
(3) is unique. 


Note 1. Tliis theorem is sometimes called the Cauchy-Taylor 
tlieorcin, since the extension of Taylor’s iheorein to the domain of 
complex variable is due to Cauchy. 

Note 2. \V!ieii /'(C) is analytic \vithin and on a closed contour 
C, the maximum radius of C„ is the distance from to the nearest 
point C. 

In general, the maximum radius ofCo is the distance from the 
point to the nearest .singular point of /(z), since the function i.s to 
1)0 analytic at all points within C„. 'T he circle is the circle of 
convergence ofihc l’a\ lor series. 
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4,51. Remarks on Taylor’s Theorem. 

I. We have already seen in § 2.7 ihai a power scries reprcscnls 
an analytic function inside its circle of convergence and ns shown 
in § 4-5> '"t fLinction analytic within a circle can be expanded as a 
power series. By combining these two results, we see that the 
tweessary oud sufTuicfU coiulilion that a function fiz) should have a 
power series expansion is that it should he analytic in a rcf^ion. 

Thus, an analytic function can also be defined as a complex 
function wiiich can be expanded into a convergent power , scries. 
The development of the theory of analytic functions starting from 
this definition is known as the Wcicrsirassian development. 

II. The expansion of an analytic function f{z) into a power 
scries has one different feature from the corresponding expansion 
of a function of a real variable. In ordinary calculus, the first// 
terms of the expansion and a remainder term are obtained and then 
we investigate whether this remainder tends to zero as // tends to 
infinity. This investigation is not an easy task in general. In 
complex theory, however, it follows from the hypothesis in 
Taylor's Theorem that the remainder term must tend to zero. 

For example, in the case of the real function tan .y, it is yet to 

he proved that the remainder after // terms tends to zero as // 

But, if we expand the complex function tan e into a power series in 
the neighbourhood of we see immediately that the radius of 

convergence of the Taylor series is . Now, if z is real, it follows 


■r ^ ^ ^ 

that tan x can be expanded as a power senes in .v if- ^ <•''< T ' 
4.52, Maclaurin’s Theorem. I’lilling in Taylor’s theorem 

[§4.5(3)1, we obtain 


CO 


/■"(O) 


n 


^.0 


IS 


(I) 


This result is known as Maclaurin’s theorem. 

Note. The result (H was first discovered by Siirling (1717) 
and published by Maclaurin (1742) in his Fluxions. 
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Ex. 1. Prove that 

log z=Z~\-^^- + , I z~\ \ <1. 

Deduce that \ log (1 + c) 1 <,—log (I— | C ] ), I c ] <1. 

Let/(c) = log then/(c) is analytic within the circle ] ^ — 1 | 
= 1, as the only singularity is C=0 ; 

/(-)=/tl+--l)=/(l) + (C~l)/'(l)+- + ~^/'\l) + , 

if 1 .:-l I <1. 

Hence, log .: = U-i) — + ( ^— 1 | <1. 


Changing c to c+ 1, we have 

■og {i+c) = -':-V+%- — •••> U I <1 ; 

I log (1+^) I = 1^-^+^... I 



< 1 + 



= -log (1- \ z\) 


[V i C 1 <!.] 

Ex. 2. The function f(z) is analytic when | z j <^R and 

OO 

has the Taylor expansion^a^z". Show that, if r<R, 

0 



o 


iO 


OO 


( f(re‘") j |a., 

0 


Hence, prove that if | f(z) | <M when j z | <R, 


OO 

Z \^n\~ 

0 {Agra J9d5) 

Lc_i/(c)bc analytic within and on the circle C j <: ) =f<^, 
and let be the conjugate of a„ ; then 
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:i) 


c^) 


and 

0 

As the series (1) and (2) are both absolutely convergent, they can 
be multiplied term by term and the terms in the product can be re- 
arranged. Further, the product is uniformly convergent for 0<0<-7r 
and can be integrated term by term over this interval, i.e.. along tiic 
circle C. The integrals in whicli n ■ m obviously vanish ; for. 


. 27r 


0 


r/0 = 0, where p is an integer. 




(4) 


t 'Ztt VI /• 

Hence, we get ( | f{re ) \ = I a., \ -r"" ^/O 

0 0 ” 

-27r7 I 1 

u 

If \f{z) 1 <^V/ on C, then 

OO 1/2 jt *-74 

T \a,A d^ = MK 

0 0 

Note 1. The result (3) is known as ParsevaVs xdenlity. 

Nete 2. From (4), we see that 

i I V" I I 

0 

I 1 which is Cauchy’s inequality. 

Further comparing the results (3) and (4) we sec that Cauchy s 
inequality can reduce to an equality if, and only if, all the coefiicients 
other than vanish, i.e., if/(^) reduces to the fromy(c) = ^„^". 

Hence Cauchy’s inequality and the conditions under which it 

reduces to an equality, follow from the inequality (4). 

4.53. Laurent’s Theorem. If f(z) is analytic on and 
within the annulus between the circles Cj and C. with centre 
zo and radii R, and R, (R.<R,),, then at any point z of the 
annulus, f(z) can be expanded into a series of the form 
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oo oo 

f = Z "n 2* convergent at all the 

«=0 /j=l 

points of the annulus, where = — ^ and 

ZTT/ J fn — r^) 


-J 




Let '1. be the variable point on or C 2 , then by §4.3 Cor., 

i r /Q L_ r /(-> 

c 


/(r)- 


2;r/ .1 C-r 


27r/ ./ ^ C~r ’ 


where the integrals are taken round the circles in the counter clock* 
wise direction. In the first integral, as in the proof of Taylor's 
theorem (§4-5), wc ha\e | [ > [ r-z„ j ; 

• . 1 - 1 

^ ^ ^ 


i 


(1) 


The series (1) is uniformly convergent w.r,t. ^ on Cj, since 


z— r 


o 


o 


<1, and the same is true for the series 


2r.i X-r 27Ti 4 


( 2 ) 


Hence, integrating the series term by term (§4*41 IV) w.r.t. l, 
we have 


1 r md- ^ 


277/ -1^ -o)"» 


(3) 


0 


,,l,ere « = f 

unere«,. J • 

'-"1 


(4) 


/"(z ) 

Here in general, as f{z) is not necessarily analytic 

throughout the interior of Cj. 
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In the second integral, we ha\e | 1 <C I ' 1 • 


-1 


• — • - -rt\ - , 

The series (5) is uniformly convergent w.r.i. - on C,. since 


(:-0 




I I c' 1 and the same is true for the series 

1 C — 2„ . 


1 / (X • _ 


2n/ 


1 /"(X) _ L 

27r/ f (■: -:)-" + ■ ■ (r 


V6i 


I 

Hence, integrating the scries term by term (§ 4-41 IV) w.r.t. r. 
we have 

CO 


1 

2Tr/ , 


r, 1 


(7) 


where — 


/ (X) X 


(8'' 


(9) 


2-/ ^ CJ"'-)-'"'* 

It follows from equations (3) and (7), tlial 

/(.-) = £ fl„ (r-0’' + i />.. 

0 • 
where a., and arc given by the equations (4) and (8). 

The result (9) is known as the Laurent's theorem and the 

series on the right is called the Laurent's series (or expansion) of/(r). 

Since the integrands of the integrals in formulae (4) and (8) 
are analytic functions of *: throughout the annulus, any closed 
contour can be taken as the path of integration in place of the 
circles C, and C... In particular, if we replace the circles Q and C, 

by the circle C | r-r, 1 where 
we have J ^ 


and Laurent’s expansion of/(c) is 


OO 




CO 


1 , _ r ^ ±i,±2,...). 

where c/„= ^iri J r(X-^J"'‘ 


( 10 ) 


( 11 ) 
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Note 1. In the particular case when / ( 4 ;) is analytic at all 
points inside C 2 all the coefficients bn are zero (by Cauchy’s theorem), 
and Laurent’s series reduces to Taylor’s series. 

Note 2. Laurent’s theorem gives the expansion of/(^)ina 
series of positive and negative powers z—Zo- If we consider 
seperately the series (3) and (7), we see that the series (3) converges 
everywhere inside Cj and the series (7) converges everywhere outside 
C 2 and both converge at all points of the annulus. 

4.54. Remark on Laurent’s Theorem. We can show that like 

th 6 Taylor expansion of a function, the Laurent expansion is also 

unique. 

00 

If possible, let /(r) have a different expansion ^ Aniz—Zo^ 

— CO 

convergent in the same annulus ^ 0 ^ 1 " — I Now, the 

00 

coefficient a,, of the Laurent expansion ^ t 7 „(r— ro)” is given by 

— CO 

R^<R<R^ ] 



00 


on integrating term by term the series ^ An {z—ZoY, which is 


CO 


uniformly convergent. 

Hence, asall those integrals in which vanish 

[Ex. 2, § 4'12]. and when k=n, 

f ^ — Ini [Ex. 1, § 4'12]; i.e., the series T A,, {z—ZoY 


c 


00 


is identical with the Laurent series of / (z). 

Esc* !• Show that sin 

■^+t) } can be expanded in a 

series of the type 

- ^1 b*i 

i I ^ 



COMPLEX INTEGRATION 


125 


in which the coejficicnts, both of and oj z ", arc 


1 

I sin (2 c cos Oj cos 
27 rJ Q 


{Agra '4'S) 


The only singular point of -— ) is tlie origin ; hence, 

sin [c (4:4- ^)} is analytic in the annulus r< | C ] no mailer how 

small ihc positive number r may be or how large R may be. 

So by Laurent’s theorem 

{ 1 *1 > 


w 


here | sin| r ( 44- ^ n . 

* 


and 




and where and C\ arc any circles with the origin as the centre. 

Taking to be | 4 | =1 and writing Z--=e^^ , where (l<(J<27r, wc 
have 


'- = ■ Li J 0 "" ,(^+*)« = 2wJ 0 - 


— wOl i/. 
c d\) 


\ 

= - - sin (2c cos 0) cos nU rfO, 

277,1 „ 

-277 

since /'■'(0)= sin (2c cos 0) sin nO </U^O, as may be seen by 

J 0 

writing 277-0 for 0. t U F -F then /^(0) = U. ] 

JnJow b„ = a,„ since the function expanded is unaltered if 

1 1*“^ 

be written for 4. Hence, i»„ = (7„ = .,-- sin (2c cos 0) cos «0 t/O. 
4 0 
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Ex. 2. 


Obtain expansions for 


{z~m<±2i 


which are valid 


(i) when [ 3 j < 1 ; 
(ii) when 1< [ c I <■! ; 
(iii) when \ Z [ >-4. 


Let /(-v)— , IN ^ 


I 


(C+l) (^+4) 




+ 4 


{Agra 1954) 


This function has two singular points, namely ^= — 1 and 


■C=— 4 . 

(i) Method!. \Vithin the circle | ^ | = 1 , the function can be 
represented by a Maclaurin series. 

Now /(O) — — l,and 




Hence, when [ ^ l<i,/(C)= - 1 + J {(-!)'-* (1+4-")^"}. 

( 1 ) 

Method II. Since, every power series expansion of/ (<c) conver- 
gent in 1 c 1 *^1 is the Taylor expansion, we have for I C | <1 

/w= i-(i+.-r‘- ((i+-iy‘ 

CO CO / Z 

(-!)■■ =-1-7- z {(-i)"^(i+i-’'K"} 

0 o' ^ /j-1 

(ii) The funclion/(c) is analytic in the annulus 1<^ | C | <^4. 
Hence, we can obtain the Laurent expansion of / {C) in this annulus. 


Method I 


Let /(C) 



J 


— CO 


then fl,, — — I where C is any circle between 

2771 ,) - ' 


— 1 and 


C 
= 4 : 
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_j._r 

4" J nX 


(- 1 )" , (- 1 ) 


^ ^ + 


y.Ti -» 

hr-} 


on decomposing the integrand into partial fractions. 


Since 


dZ 


=0. « .^u and i =2Tri, n = 0 ; 

,»+i ’ ^ . r' •: 




(n#0), 


and 


But 


Je-J- 

1 ^ 

— - is analytic within C and hence ~ =0. 

-U A ' C + 4 


^-f-4 ■ ' C 

To evaluate the other integral, we have (by Cauchy’s theorem) 


y 

•v 


d.. 

C -^+1 


dz 


./^4- 1 ’ 


•• where C is a small circle about the 


Oi 


point ^=-1 and put ^+1=?^ , where P is a constant and 0<0<27r. 


We have then j f i “ I ; 

J ^z+l } 0 


,2n 


( + i 

= - — rh (n^O) and ao = 0. 


* • 


4" 


Aga 


i"’ ‘"= ^7 


here n > 1. 
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VZT^^ analytic within C, and hence | 

- + ^ J 

before, take a small circle C about the point ^=— 1, then 

r d-= r + 

J qZ'\-1. J c + I J q Oi 

= i(-l)-^ 

- (- 1)'*-1 2 Tr /'; 


,.2Tr 


0 


di), since other integrals 


An = (-1)'‘. 


Hence, when i< 




CO 


1 ^ 


*11 i 


CO 

I 


1 


' rl 



V 


Method II. Since the Laurent expansion for !<; ) 
unique, any power series expansion convergent in the 
I -c I <4 is the required expansion ; 


•w 






-L^" '-I (-!)'■ V I . I 5 

'0 0 \ ■+ / 


/ - \n ^ 

=z (-1)’““^ (-4- j -z (-1)"'*^'. 


(in) yiethod I. When ] ^ } >4, put 
formed hinction is 


1 

"IX • 


The 


Within the circle ] c' i =|, 6{rJ) is analytic and may 
paneled in a Maclaiinn scries, giving 


CO 


0 


dz = i). As 


t/0 

vanish. 


(2) 

I <-i is 

annulus 


I and 

I <4. ] 


trans- 


be ex- 
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Replacing by — , we have (he icquirecl expansion when 


I ^ I >■». 


oo 


J{z) -1-1-^ (-ly (I + 1", 

1 


r:)) 


Method II. TIic rccjniie<I expansion is n power series cr>nver- 
gent for I : I ^ : 

••• J (“ !) -) ' 


oo 




( »)" 


-1 


oo 


« ft 


I 




. (i 


- I ■! 


V 

7 


l)”(l-)- i") 


- *t 


4.6. Zeros, Singularities and Poles of* a Funciiou. 

1. \f/(') is anaiyiic in (ho nciuhbonrliot'ii ot'.* r . ihcn 

OO 

0 

is the Taylor expansion bn' I r - 1 —8, wlierc ? is small. 

If =a,,^y-=0. a, 0. the Taylor expansion 

begins with a term in (-— j,,)'- aiul /(-) is said to base a zero of 
order k at r— r ,. The zero is said io be simpli\ doithlc, triple,...^ 
when A = 1 , 2 3,... . 

n. ir/(z) is analytic within a region A‘. except at the point 
z = z^, the point is called an isolated singularity of (he function. 
In this ease, a positi\e number r exists such that / (r) is analytic in 
the annulus 0 | z~z \ ■''j and can be represented by the Laurent 

series 

CO CO 

J K-)- hu (r-r )-. 

0 I 

The second term on tlie right is called the principal part of 
f {z) at the isolated singular point e = T.. The following three eases 

arise now : 
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(i) If all the coefficients are zero, z=z^ is called a remova- 
able singularity of /(z), since f {z) can be made analytic in 

j z— j </■„ by suitably defining its value at z.. Singularities of 
this sort are not of much importance in the theory. 

(ii) If the principal part is an infinite series, Zo is called an 
isolated essential singularity. 

(iii) If the principal part is a finite series, Zo is called a pole. 

ff while = = the pole is said to be of order n; 

or to be a simple, double, triple,...po\t when «=1,2,3,.... .The 
coefficient Aj is called the residne of/(z) at the pole z=Zo. 


Ill* VA-) a pole of order n at z=Zo, then 


zero of order n at Zn, and conversely. 


/(^) 


has a 


OO 


/; 


I-et/(z) = ^n„(z-ro)"+^ 

0 A-*] 


in an annulus 


0< ! "—‘0 1 and then f\z )=-. — r- ^(r), where ^(r) is 

\Z’-Z(j) 

analytic in j z— Zo } and <h (Zo) = An=^0. 


Hence, 0(z) = 




is also 


analytic and 


0(zo)— 0, so that 


1 


=^{z—ZoY'lt{z) has a pole of order n at Zo. 


/{-) 

IV. Tff{z) has a pole at z=z^, then \f{z) \ ->oo as z-^z^ in 

an V manner. 

# 

Let/(z) have a pole of order // at z = z„, and let <f>{z) = {z — Zo)”f{2), 
where ^{z„) = h„^0. Since ^(z) is analytic in \ z — | <r, we 
can find a neighbourhood j z-z,, i <£, e an arbitrarily small posi- 
tive number, of the pole in which | 6{z) | >H | , 

and, \Az)\>h\b„\ Ir— z, 

Hence, | /(z) } -.-oc as z-'-Zo in any manner. 

4.61. Zeros are Isolated. Let /(r) be analytic in the neighbour- 
hood of any zero point z = z„ then /(z) = (z— zj«* ^(z). if the zero 
is of order m. Now, ^(z) is analytic in the neighbourhood of z = z^ 
and ^(zJi^-O. We can, therefore, draw a small circle C with z as 
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centre, within which <h{z) does not vanish. Also for r — r. wiihin C, 
(z — ro)’'’#0. Hence z,, is the only point within C at which /(r)=0. 
The zero point z = z- is therefore isolated. But r is any zero point 
of /(z) ; hence, all zeros of /(z) are isolated. 

4.62. Poles are Isolated. If the one-valued function f{z) has a 
pole of order m at r = z. : it has been shown in § 4.6 III that the 

function ^ is analytic in the neighbourhood of r and has a 

zero of order m at 2 =r . 

Since the zeros are isolated (§ 4.61). it follows that the poles 
must also be isolated which is also ob\ious from the definition of 
a pole 4*6). 

4.63. Limiting Point of Zeros. If r,, r.., Zj..., z,,, -- is a sequence 
of zeros of /'(z), analytic in a region R and if z.. an interior point 
of 7?, is a limiting point of this sequence, then /(z) either vanishes 
identically or else has an isolated essential singularity. 

For, since /.z) is continuous having zeros as near as we please 
to Zc,/(zJ must be zero. Now, z. cannot be a zero of /(z), since 
the zeros are isolated (S 4-61). Hence, /(z) is identically zero. If 
/(z) is not identically zero in /?, then /(-) must have a singularity 
at z = z . In this case the singularity is isolated but it is not a pole, 
since manner. Thus, z=z. which 

is a limiting point of zeros of /(z) must be an isolated essential 
singularity. 

4.64. Limiting Poiat of Poles. Let z=z^ be a limiting point 
of a sequence of the poles of the one-valued function /(z), then in 
every neighbourhood of z , there are poles of the given function. The 
point z = z is, therefore, a singlarily of f{z). It cannot a be pole, 
since it is not isolated (§ 4.62). Such a singularity is termed a non- 
isolated essential singularity, or simply an essential singu- 
larity. 

4.7. Casorati’s Theorem.* If z is an isolated essential 
singular point of f(z)„ and fi is any finite number, then there 
is a point z in the circle | z — z j <;r at which | f(z) — ft [ 
where r and s are arbitrarily small positive numbers. 


♦ Commonly attributed to Weierstrass. 
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Let f{z) have the Laurent expansion 

= + (s-Zo)-" 

0 1 

in the annulus 0< | z—z. \ <^r. 

It can be easily shown that there are values of z in the circle 
! z — 2 , I < r at which j f{z) | > M, wliere M is any positive 
number. 


For, suppose that \ f{z) \ on C, the circle | z—r,. | =?</■» 


then I 1 = i 2 iy-J^(---z„)”-'/(-) dz j by §4.13. 

This is true for all positive values of n and p and ns p— >0, all 
the coefficients would be zero which means that is not an 
isolated c.ssential singularity. 


Next, if the equation /(r) = /S has roots within the circle 
I z— z- j ==/•, however small r may be, the theorem is proved. If 
f{z)—fi docs not have an infinite number of roots in the neighbour- 
hood of the point z., we can choose r so small that /(z)— fi has no 


zero for j z — z j <,/■. The function — — is then analytic 

for I z— z, I <r except at z=Ze,. The point z=z, cannot be any- 
thing but an isolated essential singularity for 4> (z) ; for, since 


/(z)— P' would be analytic if 6{z) had a pole, while /(z) 

y\~) 


would be analytic or have a pole if </.(z) were analytic. 

From what we have just proved in the beginning, it follows 

that there is a point z in | r — z, | <r such that [ ^(z) | > 


f 1/(0-^ I 

however small the positive number s may be. 

Note. This theorem sharply distinguishes between poles and 
Isolated essential singularities. While the absolute value of the 
function tends to infinity in the neighbourhood of a pole, the value 
of the (unction at an isolated essential singularity is indeterminate 
and in fact ditlers by an arbitrarily small number from any 
preassigned value an infinity of times. 
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A more precise result is Picard’s theorem, which states that, in 
every neighbourhood of an isoIalecJ essential singularity, there exists 
a point at whicli the function actually attains any given value with 
at most one exception. 

4.8. The Point at Infinity. By writing r = \ inlinity’ may be 

regarded as a point corresponding to the \aluc r' = 0. The bcliaviour 
of a function/(r) at ‘inliniiy’ is llien determined by the behaviour 

yf ^ -'=^0. Accordingly, we shall say that /(r) is 

analytic, or has a simple pole, or has an isolated essential singu- 
larity, if / ( \ ) has the same property at _-' = 0. 

Thus,/(r) has a ?cro of order m at inlinily, if '] 


has a zero of order ni at r' = 0, 



OC 




n 


n ffi 







a 


ft 


n — tn 


o... 


• in 


(/ 


»*f « I 



Sinec, least value of m^\, it follows that il7(:) has a zero of 
order ni at inlinily, then its e.xpansion does not contain the constant 
term and positive powers of r, i. c., il can be expanded only in 
negative powers of > with the constant term missing. 


Again, J {z) has a pole of order m at inhnity, if <li{z') 



has a pole of order m at r'— 0, 


oo m 

i.c., if</>f:') = Z Z 

0 I 

/;/ CO 

J{=)=^Z !>„ ^ a,--" 

rt-l 0 




134 


COMPLEX VARIABLE 


ThuSj /^(r) has a pole of prder m atz=oo, if the principal 
part of atr'=0, i. e., the principal part of/(r) at c=oo is 
a finite series ; in other words, the series in positive powers of z in 
the expansion of/ (3) is a finite series. 

Since a polynomial + is analytic at every 

finite point, it may be regarded as the principal part of a Laurent 
series about r=oo. in other words, z=oo is a pole of order m of 
every polynomial of the /«lh degree. 

4.81. Iff(z) is analytic in the whole Z'plane including; the 
point at infinity, then f*(z) is a constant. 

Since/(:) is analytic for all finite values of z, it has the 

CO 

Taylor expansion = ^ 

0 


whence ^(r')=/' 



00 



0 



Now, (^(z') is analytic at 7' ai=a., = ...a„ = ...=0. 
Hence / {z)~a^y a constant. 

Note. The whole c-plane including the point at infinity is 
called the extended c-pianc. 


4.82. Rational Functions. 

Theorem. A single-valued function which has no singularities 
other than poles at any point {including the point at infinity) is a 
rational function. Conversely, a rational function has no singularities 
other than poles. 

Let /(z) be such a function, then/(r) can have only a finite 
number of poles ; for, otherwise the poles would have a limiting 
point, either at a finite point or at infinity which would be a non- 
isolated essential singularity of/ contrary to hypothesis. 

It follows that if at Zj, Zj, z,., points in a finite part of the 
z-plane, ,/(_) has poles of orders //j, //o,..., n^ respectively, then 

= (z-z//'^ /(Z) 

IS analytic for all finite values of z. Hence, for finite values of z, 

CO 

<ii{z) has the Maclaurin expansion ^(z) =^rt„z”. 

0 
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Since ^(r) can have a pole at infinity, the series for ^(r) must 
terminate [see §4*8], i.e., fh{z) is a polynomial. 

Thus, /{z)= — ,a quotient of 

/- _ \ih - Vt.. /_ _ \n,. 

(- — -i) ^ (- -:>) (- ^k) 

two polynomials, is a rational function. 

P(-) 

Again, a rational function/ > 

where P {z) = a^^-\- and ^(r) = /j„-4 

can have singularities only at the zeros of the denominator. We 
may suppose that P(z) and Cl(z) have no common zeros ; for, if r, 
is a zero of order p of P(z) and also a zero of order k of Qiz), then 
= Pi(r), and (?(r) = (r-r,)'- C?i(zi)^0, 

since P(r) and 0(r) arc analytic functions for all linite \alucs of z. 

Thus, in writing /(z) as . coEiimon factors can be removed so 

that f{z) can be written as the quotient of t\No polynomials with no 

common zeros. It follows, therefore, that analytic at the 

zeros of Q{z) and at these zeros of Q{z),f{z) cannot have singulari- 
ties other than poles [see H 6 HI]- 

Hence, a rational function has no singularities other than 

poles. 

Ex. 1. What kind of singularity has the function. 

(i) e* at ; 


(ii) sin ^ at z = ^ J 

(iii) col z at Z=co . 

(iv) see at Z = 0. 


{Agra 1914) 


1 


OO 


__ 1 
Z'"\n 

0 *— 

has an isolated essential singularity at z' = 0 , i.e , at 


(i) Let 7,thcn e- — e^l*'=2! 


(ii) The zeros of sin — arc {« = ±1, ±-> and z 

^ ' Z n7T 


= 0 
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is their limit point. Hence, z=0 is an isolated essential singularity 

r ■ 1 

oi sni - ' . 

(iii) The function has simple poles at wtt («=i0, il, ±2,...) 
and -:rr=cx3 is their limit. Hence, y: = coisa non-isolatcd essential 
singularity of cot C. 

(iv) Here cos when tt (n = 0, ±1> 


i.e., 


1 




1 


C = tt is the limit jjoiiii of the poles of sec — 

Ilfiirc, sec has a non-isol.iicd essential singularity at c — 0. 

•v 

Note on T). In $4 7, it has been stated tliat in every neigli- 
bourliofxl ol‘ an isolated e.sscniial singularity, the function actually 
attains any arljiirary \a!uc with at most one exception. 'rhis 
example shows that suc h an exception can ocettr, since e' can never 
take the value 0 near ,cs=co. 

Ex, 2. S/iow that the function e' actually takes every value except zero 
an infinity of limes in the neighbourhood of ^ = 0. 

I 

The function e’ is analytic for all values of C except ^ = 0; 

] 


CO 


I 


the Laurent expansion is e* — V~ • 

0 

Tlic principal part is an infinite scries and, therefore, c— 0 is an 
isolated essential singularity. Hence, by $4 7, the result follows. 

Aliter. Let us assign the value .1, to , then the values 

ofe fur which e- .1 are given by —log r-J-f ^IJ^-dXTT.). 

where A — rt .»nd k is any integer, positive or negati\'e. 

^\c shall have ] •: j liowever small ? may be, 

(h>g 0"'! lO -7- 2477 “ which condition is satisfied by an 

infinity o)' values of the integer k. 
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1 

Note. c‘ -.-O, i( '-^0 along llic negaiisc real axis. 

^c\z a, 

Ex. 3. Finti the .singulaiitit s oj the futuliou — - , indicatiu^ 

the character of cadi singularily. {Agra I'Jll) 

Tlie funciion /(.:)= - - - is analytic for all values of “ 

Ollier than Z = n, ;:=(>, and Z~'ln~in (/< — ± 1 . 

At ■? = <>, the dcnominaior has a simple zcio while tin. numera- 
tor is analylic. lienee, the ftmciion has .1 simple pr>lc at •: = <', by 
§ 4 0. Similarly, there is a simple pole at each ol the points 

(n = il, i-,.. )- 

Al'C=tf, the numeralor has an istdated singul.iriiy and the 
function has a Laurent expression which may be obtained as 
follows : 



'I'he expression involves all posiiivi* atid ne-^atixe lowers of 
(j'\ • hence, the functicjn has an i-solaied e.''sential singulaiitN at 

Z = a. 

Ex. Consider the singulariliei of the function tefnesented by the 


CO 


senes 


theorem. 


z 

n 0 


1 

L« 


, and obtain 

l-h(2''4/ 


'I’lic denominator has simple 


its expansion by Laurent's 

{Agra IfJdd) 

♦ 

zeros at c— — “-and 


=0, 1, 2,...). Hence by §1-6, the fumlion has simple 

poles at each ol‘ these poini.s. All these singularities lie within the 
circle I :| 1 and have ^ as a limit point which is, therefore, 

a non-isolated essential singularity of the function 4 04). 

'I’he function is analylic on and outside a circle Cl, 
I j =/;(A'>l), and therefore, has the Laurent expanssion 

-b +..., where ^*"ce the function is an 
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even function of 


1 r X 1 0-2n \ 

and f y _i 1L 

27r* J ^ I, in_ 2-^- + z^ r' 


OO 


Now, 42m- 1 ^ 




^ [rt 4- ’•2 

n^O I— - 


_^2m— 3 


« 2~in / v-l 

n=0 ^ •' 


= ^="-{(l-^-=+^-‘— •) + -^(l-2- ^-=+...)- ] 


^2m— ; 


r/ ^ 


0-2 0—4 0-6 

+ ^-+ ^ 


11 ■ L2_ 


11 




-.-{l 


2-4 0-8 

■l^ + -l£- + 




0-2m 


+(-l)“-‘ (.:-=)"■-> (^+ -^ +-j + 


] 


= ^2 ^_,2«.-3 ^2 * + . . . J )m-l ,-l . 

The only term in the expression which furnishes a non-zero 

•ft 

integral is the term in ; for, putting 4:=AV'^ (^>0> other term 

I 

in the integrand will contain powers of e ~ and the integral between 
the limits 0 and 27r of such a term will be zero. 


-2m 


Since the coefficient of ^ — 1 e- , we have 


^2ni 


1 {• — 2Jrt 


dz 


Z 




-2m I* 


'2Kt 


4(/0, where ^ = . 

•’ 0 


= (- 1 ) 


m-l .2 




Therefore, when | c I >1, the function can be expanded in 
the form 


-2 


^4 


-6 


.2 


^4 
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By putting ^ = 


I 




/ > 


we see that the function in c' lias a zero 


of second order at ^'=0; hence, the given function has a zero of 
second order at infinity. 

Ex. 5. The only singularities oj a single-valued function are poles 

of order 1 and 2 at ^ = — I and with residues at these poles I and 2 

respectively. Jff{o)= -j ,/(0=~T7 > the Junction and 


expand it in a Laurent series valid in 1<^ \ z I <C-- 

Since the only singularities of/(^) arc poles of order 1 and 2 
at.C= — 1 and ^ = 2 respcciively, /(-:) is a rational function of the 

form [ see § 4-S2 ] 

1,2 b 

f i^Z)=a„-\-ay^Z-\- ... -\-a„,Z"* 

[ V residues at —1 and 2 are respectively 1 and 2. ] 
Further, since .j — oo is not a pole, a^ = a.,= ... — a,„—^ [see § 4-JSj. 

12 b 

Hence, /(•C)=d„+ j 


Now 


i=/(0; = tf„ + * and -■,*-=/ (l) = a„- r,--f* ; 

’ 4 ^ ^ ' 4 > 


a„ = 1 and b = ‘S. 

Thus, the required function is 

/U)=i+ 

The Laurent expansion valid in 1< | ^ | <2 is given by, 


=:H- 


co z \ ' li ^ / Z \»' 

z )+ 4 ("+*) C--)' 

0 O o 




(- 1 )-* 
i 


CO 
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Exercise 4 


1. Show that the integral of along a semi-circular arc from — 1 

to -fl has the vaiile — ni or tti according as the arc lies above 
or below the real axis. 

2. If the function / (^) is analytic in | — a \ prove that for 

2 — 

0 <r<n, S' (fl)=— ~ f ..O)*-'" rfo, 

TTr J 

where F is the real part of f {a-\-re^^ ). 

1967, Vikram 1959 

3. By using the iniegra! representation of /'■ (Cy), prove that 


4. 


( "" V- ' r 

V“/7 ) J r 


where Cis any closed contour surrounding the origin. Hence, 
plo^'e that 

.lA ^ Jo 

Lci./‘(:) be analytic in the unit circle and let /(0)=.l; by 

dz 


cv 


aluaiingthe integrals— — j r2iiz(; + -A l/(^) 


and by introducing polar coordinates, show that 


o .,27r 


‘1 ;n 0 LI I*”” /n ij 

A'^0=2+/'(0).-_- J{e'^ ) s\n^, dii 

/. .1 - /. .( Q 

= 2-/(0). 

Use this result in order to prove the following statement : If 
/(■:) is analytic in | : | {^l,/(0)=sl and Re {/(C)}^in j Z j 

then — 2<Re{/(0)}<2. 

5. If f {z) is nnalviic and ] f { l) j s::'! in j C | prove that 

i/'w I <r. 

The Legeitdre polynomial Fjz) is defined by 


•>_ 

♦> 


0 


6 . 
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show that Pu{c) can be represented by the contour integral 






2"f- 





where C surrounds ilie point Faking, P 
t!ie circle ofeentre z and radius \ \ r--l | , 
formula 


iriicular, C to be 
deduce Fapla.ce’s 


PuU)- 


l 

tr . 




t) 


-1 cos0/’(/0. 


Find tlic function /U), uhich is analytic uidiin tiie circle | : 1 

= 1 and has .he value . and 01, 

the vectorial angle) at points on the circumference of the circle 
1^1=1. 

Determine a function which shall he analytic within 

1^1 =1 and shall have at the circuinleiencc ot this tiu !< iii< 

, (a^ — 1 ) cosO -f i («“-!' 1 ) S’hiO 

value 20+ r “ ’ 

where a^>l, 0 being the vectorial angle. 

Find the dinTerenl developineius of , powers ol .. 

according to the position of the point in the plane. Lxpaml 
this function in a Taylor’s series about : = 




lylo 

circle of convergence. 
Establish the expansion 


(.1"/^/ P> ! ') 


/(.)=/Ve) + 2{ ^ + V ( ^7 )+ -y ■' (n-) 



u-")' f 

2'*i^ ^ 



an<l sliow that the expansion is vali<l as long as 
the neighbourhood of the point I ( :4-<i). 

Find the Taylor or Laurent sei ics whicli represent 



: li(“S wiihiii 


the I'uiK I ion 


^1 

(4^Tiy(c+2)7 ’ 


(i) when \ Z \ <ii , 

(ii) when 1< \ z \ <2, 
(ui) when | z I >2. 
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CO 


12 . 


13. 


15. 


16. 


f{^) — Z -~ 2,2 . ' ^2 » show that /(^) is finite and continuous 

for all real values of but cannot be expanded as a Maclaurin*s 
series in ascending powers of 4:. Show that/ (^) possesses 
Laurent expansions valid in a succession of rings. 

Show that cosh ^ z + -\- 4- ’ 


14. Show that 


1 

where <7„=— cos nO cosh (2 cos 0) <^0. {Agra 19^5) 

-TT Q 


I ..c'S 


n-T-— 00 

1 .« •tf/l 


where Or, - I cos (nO— r sinG) dd. (/i^ra 7938^ ^52y ^00) 

i-'TT J (, 

Show that 

^ c* 

Stt 

where | ® cos {{c — d) sin 0 — nOWO, 

-TTJ Q 

and f + cos {{d-c) sin0-n0}t/0. 

-TT.I p 

Show that in the annulus defined by | <i | < [ C | < | A ] , the 

{ i " T - 

-) ~ / expanded in the form 




CO 


where S^^Z 

/t-o 


1.3.. .(2/— l)1.3...(2/4-2rt-n 

021-1 H [^/ ^ + - 



Prove that if Z. is a positive constont, and (1— 2c// + A“)“5 is 

expanded in l-'r/i I\{z)-\-/r P^i {<)■}- , where 

Pfi {^) is a polynomial ol degree n in then this series converges 
so long as is * in the interior of an ellipse whose foci are points 
5 = 1 and 5 = — 1 and whose semi-major axis is ^ 

[Agra d932) 
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18 


Prove that, when | 4 j <1, the principal value of is 

equal to 


00 




n— 1 


[!L 


19 


20 


The function /(^) has a simple pole at z = a. Show that the 
residue at this pole is Lt {Z~/ 2 )f{^)}. 

Z->a 

Applying Parseval’s identity (Ex. 2, §4-62) to the function 

show that 

1 rfO „2p2«-2 = 0<'P<1. 

27r Jo (i— 2pcos0 + p'=)" (1— P^)^’ 

21. Applying ParscvaTs identity to the function 

deduce the formula 
2- 




22 


j•‘"' f sin it 

J 0 i 

What kind of singularity has the function 


0 ) 

(z‘ + 4)y at ^ = co 

(ii) 

cos z — sin 4 at ^ = ' 

(iii) 

at -C ~c>o: 

cos Z 

(iv) 

Z coscc z at 

(V) 

1 '.2 

e ‘'at ^ = 00 ; 

(Vi) 

I 

sin at < = co, 

(vii) 

1— e' 

1+,. 

(viii) 

coi nz 

/ y9 ^ ' 
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(ix) - — - at ^=2-/ ; 


/ % 3 77 

(x) T - at <TT- 

sin < — cos-r 4 


(xi) cosec ~ at ^--=0 ; 


(xii) tan - -• at ^ = 0. 


23. Classify the points c = and tlic point at co, in relation to 


^ o 

the function /(c)= , “ sin 


l~c' 


24. What essential difference is there between of the beliaviour of 


the real function r= 


J'=f e 

= l 


- 1 '.v2 


, .Vn-^0, 

, .v=0 ; 


and that of the function of a complex variable w—e 
neighbouritood of the origin. 


m a 


25. The only singularities of a single-valued function f (<) arc poles 
of order 2 and 1 at Cs=l and c=2, with residues of these poles 

1 and 3 respectively. If/(0)=-f^, / ( — 1) = 1, determine 


tlie function. 


ANSWERS 


a — -. 


:^-a^ 


1 oo / - 1 CO ^ 

(i ( a ) ~ ^ I 


oo. 


:^-l 


(»'■) '7 £ -'...1 I I >•'3 ; 
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oo 

(”') -Z (^-2)“" (or I ^-2 I <1. 
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23 . 









1 " ^ 


(i) and 1 17) Isolated csscniial .shii^ularity ; 

{Hi), {it’), {fit), (xi) and (.viV) .\r)n-isolnie<l csseniinl sini^ularity ; 
(i/) No similarity ; 

{oi) No sini^ularity at ^ — <r^ whicfi is a simple zero, isolated 
essential singularity at C — 1 ; 

{viii) A double pole, il' a is not an integer or zero and a triple 
pole, iff/ is an integer ; 

(j.v) & {x) Simple pole. 

A double pole at an isolaleil essi'inial singularity at ■Z — l 

and a douljle zero at z = c>o. 


2z^-4z--\' :u-3 
{Z-h^ U-2) 


25. 


CHAPTER V 


THE CALCULUS OF RESIDUES 


51. The Residae at a Singalarity. We have already shown 
(§ 4'6) that ill ihe neighbourhood of an isolated singularity ® 

single-valued function /(r) has the Laurent expansion 

f{=) = Z (■'" 0 "+^ 

0 0 

The coefhcient [defined to be the residue of/(j) at r^] 


1 

27ri 




f{=)d= 



where C' is any circle 


=/• such 


that/(r) has no other singularity within it. The value of the integral 
in (1), however, is not changed if we replace C' by a closed contour C 
(large or small) surrounding the point r, such lhat/(r) is analytic in 
C, except at r=r^ ; for, r can be taken so small that C' is interior to 
C and lhus/(r) is analytic in the annulus between C' and C. Here, 
by Cauchy’s theorem, we have 





/(r)r/r. 

C 


If the pole at be of order m, then 

— is analytic atr = rp, 

andjl(-,)=Lt {(r-r ,)"* /(r)} = /»„,=rO ; hence, 

• — V * 



^(r) has the 


Taylor expansion 


CO m 

z «»(--'.)”•*■"+ z 

« - 0 n =r 1 
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</•"*“’ (< ) 

Tiierefore, *i=coefficienl of (5) 


When m— 1, this formula becomes 

*i-=0(O = Lt iz-z)Jiz). (4) 

It follows that, if /’(r) and Q{z) arc bolli analytic al r^r„ 

and if /(r) = ^ simple pole at r = z,„ then the residue of 

tri") 

f{z) at z = Zo is where /’(r„)~'0 ; 

tr \^o) 

for, hi^ Lt (r — z^)f{z) 




= Lt 




Q{z^)=0, since z^ is a simple pole of /(z), i.e., a simple ?:ero of 


Q{z} : 

• ■ ‘ 

When z — Zo is a pole of order m of the function /(z) = 

and P{Zo)^-0, the residue at z„ can be calculated similarly. 
For example, when ni — 2. 


( 5 ) 


P(z) 

Q(z) 


Q" (z..) 


Q z) 


(1 


i.e.y 


P{z) ^ 

Q{z) Q'" {z^ 

L -* 


1 

\-i 


{/'(O + 'P-C-J (z-tS) 




-H- 




-1 
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X 


{- 




ilsL-f- \- 


.*. residue at z„=coefRcient of 


Z-Zo 


in the above expan- 


sion. 


6P'(z,.)g''(.V)-2J>(r,)a-(z„) 

3 {e(-^)}* 


(fi) 


Note. At a nuiltiple poU z=ZoOff{z), the residue fon be easily 
determined in some cases by putting z=Zo'rt eind expanding /{Z^Art) in 
ascending powers of t, ivher'e | / | is sufficiently small. The residue is the 

coefficient of | in this expansion. 

Ex. t. Find the residues of : 

(/) c-’- 't I at z=T:i. 


{Agra 1937) 


I 


at z^at. 


(i) when (■*= -1 (/;=0, ±1, ^2,...) ; 


/, r=7r/ is a simple zero of ! -rp% /V., a simple pole of 




\+e 


2 » 


Hence, residue 


at7r/=j~ - 


c"- 


L L 

dz 


{\+e‘-) 


I , by §5-1(5). 

= tt/ 


^aiTi 

_ e _ ^f77r/ 

e^‘ 


(ii) Here z = ai is a double pole of the given function 

I 1 


Let <k (.-) = (r-mr- 


(r2+n-)2 (c + n/) 


2 ’ 
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then, by §5.1 (3\ the required rcsiduc = ^' ' 

_ I 

" ~4aH ' 

Another Method. Putting z — ai-rl, we Iia\e 

I _ 1 I _i_V' 

~t-\laH lr 4d^i~ V 2c/i J 

When I / I i^ sulliciently small, the coellicient of in the 


expansion is 


* “ = . which is, therefore, ihc required 

• 2a i 4(di 


residue. 

5.2. Cauchy’s Residue Theorem. 

on a dosed contour C, except at a finite 

n 


Jj J'\z') he analytic inside and 
nutnher of poles r,, z.,, ..., r„ 


within C, then 



2rJ Z » 
A=1 


where denotes the residue ofj^^z) at 



Lei C,, Q,..-, C. be circles 
with centres at Ti, z,. respcc- 

ti\ely and radii so small that llicy 
lie inside C and do not overlap 
(sec fig. 27). These circles together 
with the curve form the boundary 
of a mulliply-connecled region in 
which y(e) is analytic, so that, by 
Cauchy’s theorem (§4.24) 


r 



Fig. 27 


But 


r /(z),/z= z I /(=) 

J C /c-1 c,, 

f(zjdz^27TiR^ (§5 1 ). 


Hence, 
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5.21. Residue at Infinity. If f{z) has a pole at infinity, then 


the residue of f{z) at infinity is defined to be ^ 

^7% I 

where C is a closed contour enclosing al! the poles 2 „in 

the finite r- plane; since C can be regarded as bounding the outer 
region in the clockwise direction. 



Thus, the residue at the pole 


r = co IS — • 


1 


2TTi 




n 

— z ^ - It follows that, if f{z) be analytic, except at a finite 

A- = I 

number of poles [incliuling (he pole at infinity), the sum of the residues 
at these poles is zero. 

Another theorem for calculating the residue at is given 

in the following article. 

5.22. Theorem. If a single-value function f{z) has a pole at 
z = c.<-,then the residence of fiz) at infinity is the negative of the 

coefficient of\ in the expansion off\z)for values of z in the neighbour- 
hood of c — co, 

If/(r) has a pole of order m at r=co, then [sec § 4.8 (2)] 
m to 

/(--)=Z b,r-'‘+Z 0) 

it=.l n=Q 

1 

the required rcsiduc = — r f{z)dz, where C is a 

277/ J Q 

closed contour enclosing all other poles (see § 5.21). Now, the only 
term in the integrand whose integral around C is not zero is the 

1 

term in -- . 


Hence, the required residue = — 


1 


Zr.i ,) ^ 


aiZ~^dz= — 


a 


If ./'(z) is analytic at r = co, i, e., if bir=h.>= ,..^b 
still has a residue at infinity, which is zero only if ai = 0. 


tri 


( 2 ) 

0, f{=) 
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If 2 = 00 is a regular point of/f;z),ilis ob\ious from (11, that 

— — Ll 

provided Oo — ^- 

Hence, if Lt [-z/Cri] has a definite finite value, that value 
is the residue of/(r) at z-o^- 

Note. The fact that a function /i.c) has a residue at co has 
nothing to do with the presence of a pole at co ; i e., J{Z) can have a 

non-zero residue at o.^ irrespective o( whether/- has a pole at co 

or not. 

— .c* + l 

Ex. 1. Show (hat the reSdues of - and v, 

at infinity are — / and I respectiiely. 

Both these functions arc analytic at infinity. For the function 

, Ft [-Z Jyz'A exists and is equal to —1 ; 

J (^r—a^iz—b) 

hcncc, the residue of/(^) at inliniiy is —1. 

For the other function Lt (- c //i] docs not exist. Writing it 






^ ^ ,'e have the residue at infinity— 1, by § 5,22 


.2. Evaluate the residues of \ - 


z^ 

and itfinity, and show that their sum is zero. 

Lr. / (Z)= P"'" '■ 

2, and 3. Mcncc, by § 5.1 (4) 


,3 


residue at 1 = Lt ( 4 _ 3 ) 

4 1 -V — ^ 1 


OS — i J 


rcsi 


due at 2= Lt [(-r-iJ)/!-) 1-^ 

Z - ^'2 ’■*' 




27 


and residue at 3= Lt^[('C — 3)yf/ )— Lt^ 2 ‘ 
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Now Li [~Zf{z)] does not exist. The expansion of J{z) in the 
neighbourliood of4:=:oo is obtained as follows: 

—1 +-^+ higher powers 



Hence, by § .5.22, the residue of f{z) at infinity=-6. 
The sum of the residue of / (^) at 1, 2, 3, and co 

27 

= 5 o’ —0 = 0. The result in § 5. 21 is thus verified. 


5.3. Evaluation of Real Definite Integrals. Cauchy’s residue 
tlieorcm renders a great service in the evaluation of certain type of 
real definite integrals which can also be evaluated by other means, 
lliough usually not so simply. In some cases, ho\\'e\er, Cauchy’s 

( •CO o 

c ^ clx cannot be evaluated 

0 

by Cauchy’s method. 

The important types of real definite integrals are discussed in 
the articles that follow. The methods to be employed in any parti- 
cular case will be illustrated by typical examples. 

^Ve gi\c below a theorem which will be found useful in many 

cases. 

Theorem. If ht [(z_~,)/^3)]-A-, a comtant ami if C h 


an arc, Oj < amp {z-z..) <0,, of the circle j r— | =r, /iu'/i 

'■-■0 J 

Given £, we can find S (s) such that 

I (~~-v)f(z)~A- I < s for I r-r„ | 

Thus, taking r < S, we have (---r„)/(r)^ A+y, on C, 
where | y, | <^£ ; 


• • 



(A + y,)r/0, 
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where z—:o=fC , 


,. 0 . 


i.e., the integral = /(O., — 0,}A:-r/ 

0i 

Hence, 

j J f{z)d:-H0,-e,)k I < I V, I ,0,-0,) 

(0,— 00, 

/. C'., Lt I f{z)dz =/\0. — O/A'. 

Note. ir/( 4 ) has a simple pole at A' is the residue of 

Rz) at 

5.4. Integration Hound the Unit Oircle. 

,2ir 

An integral of the typo yfcosO, sin 0)f/0, where tlic nUog- 

0 

rand is a rational function of sin and cos 0, can be evaluated by 


/O 


writing c —z. 

Since cos 0 = -" + sin 0 = ,,^. 


Z /, IZ 


the 


integral lakes the form j f{z)ih, where !\z) is a rational funclion of 

z and C is the unit circle | z 1 =1- Hence, by § 5.2, r//c mw^ral is 
equal to 27ti times the sum of the residues of F{z) at those oj its poles 
which are inside C. 

The w'ork of evaluation of the residues of I''{z) may oltcn be 
considerably simplified by preliminary manipulation of the itUcgral, 
before introducing the complex variable. 


TT 


Ex. 1. Evaluate. 


Let I 


adi/t 


„ - , where a ts positive 


= r" 

J 0 


adif, _ 


COS-</> 


0 


1 cos-2y> 
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^2n 

= Jo 


adQ 


+2a*+cos6 


, where 0=2^. 


Putting /-=e, where C denotes 

the circle | -2 j =1. The integral has simple poles at the points 
— (l+2fl^)-f-2rt and — (l+2a2) — 2a^Y+a^^. 

If \vc take the positive square root, the latter point lies outside (7, 
the former within C ; since 

_(l+2fl2) -2aJ]+-ar =-(a+\/T+fla")2<-l, (•.■a>0). 

The residue at the pole within C, by §5.1(3) 


—2ai 






[v. + {l + 2n“) = 2nVl+.= ] 


27ri X — i 


Hence, I— — — 1 =-^- = - 


TT 


2vl+o2 




luated. 


Note. The integral Ii— I — similarly eva- 

»' 0 ^ +sin 9 

{Agra 1940) 

ad4> 


7t2 


Since 


0 


a* + 


14 , r^/“ ad,^ 

sin*^ ~ J 0 “ “ 


<k) 


.,7r;2 




/j shall have the same value as 7. 


.. 27r 

Ex. 2. Evaluate I 

0 


-cosO 


cos(rt0-l-sin0)(/0, where n is a post- 


live integer. 


,*27r 


Consider /= I e {cos(rjO-rsin0 ) — i sin6(n0-rsin0)} dB 

0 

•>_ 


= 1-^ 

0 


-cosO — ii’rtO + sin 


*”0). ,/o= r",-(cos0H-isin0)^«0i^Q^ 
•’ 0 
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A • 

Putting e =Z, wc have 

, c -z I _ r 'i! 

iz “Jr 


z I =1. 


dz, \Nhere C is the circle 


The origin is a pole of order n +1 of the integrand, and the 

I r d" ( — 0 " 

rcsiducthercis — ■ 

Since the integrand has no other singularity within C. 

27r(—ir 

/^27riX ^ -- • 

Hence, equating real parts, wc have 


I " cos («0 + sin0)fi0— ^ ' - • 

d 0 


5 5. The evaluation of 


• CO 


f{x)dx. 


CO 



When /(^) = 0(^) > 

Q{x) arc polynomials in .v, the integral 


f{x)dx exists only if Q (a) docs - 

— CjQ 


not vanish for any real value of a and Fig- 28 

the degree of P(A) is less than the degree of Q (a) by at least two. 
The integral is taken along a dosed contour C consisting of the 
real axis from-T? to R and Ck , the upper-half of the cucic 
I 2 I =/? (see fig. 2 S), where R is so chosen that /u) has no poles 
on the semi-cirdc. By Cauchy’s residue theorem, we have 

2m TR^ = f f f{x)dx^- J /(-)'/-» 

^ 2 k —R C/f 

where z* arc the poles of/(z) within C. 

Now if P(2) and Q{z) are polynomials in z of degrees n and 

m respectively such that m-n > 2, | r f(z) \ <e for suir.c.e.Uly 
large values of R. 
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Hence, I | 

■ Cr 


<7r£, and 


Lt 




/(r)./c-0. 


It follows that f f{x)(lx=l7:i ^R_ , where the summation 

•' — CO "* 

now extends to residues of /(r) at all its poles in the upper-half 
plane. 


We calculate here Lt 

R->oo 




.R 


-R 


f{x)dXi which is equal to 


OO 


I* f{x)dx only w-hen the latter integral exists in the ordinary 

..0 


— cso 


sense 


, /.e., w'hen each of the integrals /Wr/A', J{x)dx 

’ -CO •' 0 


con- 


.•CO 


verges separately. However, I f{x)dx may not exist in the 

OO 

1-^ 

ordinary sense while Lt Ax'jdx exists. In this case the 

R->co •• —R 

latter integral is called the Cauchy principal value of the former, 
and wc write. 

.,R 


Ll 

R->CKJ 


/^aV/.v==P.V. /{x)dx. 

-R -OO 


CO 


Ex. 1. Evaluate, hy contour integration, 


x^dx 


.1 


I ' "* 

, ,v» where C is the contour consisting of 

the real axis from— 7^ to 11 and C/; , the upper-half of the circle 

c I =/>:. 


The singularities within the contour C, when R is large, consist 
of simple poles at the points c = i and c — 
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t * \ o 

The residue ol integrand .ai i - 

^ ^ I 


1 


and llie residue at '2i= Lt 

Hence, by Cauchy’s residue theorem 




1 


/I I \ '• 

7=2-/ r) - 3 ’ 


where / = 


..A’ 


x-(Ix 


_ ji {X-+ uiy + ^ 

1 - f _ l_il I _ 

! I - Ml U-‘4| 

/r- TTii 

'"'(A- l)(A--4)’ 

[■.• I 1 > I H I ^ ^ 1 > I ■ I 

which-^0 as A ->co. 

I* ^ x^flx “ 

•■• r"J _/e(-M i)(- + ')- :<■• 

Since the in.egran.l behaves like ^ for large values of a:, the 


Z-dz 


Now, 


OO 


integral 


exists in the ordinary sense and has, 


CO 




therefore, the vahie . 

Ex. 2. ihf lesi'lue theory to show that 


CO 


/• — cos X dx ^ 


,-b ^-a 


(V-vJ . 


{a>b>0) 


hct us conside 1= ^ ^f{z) dZy where /{z) > 

taken round the contour of §5.r>. When /t>ay f{z) has two simple 

poles within C, namely z = ta and z-th. 
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iz — 

The residue of/{^) at m=Lt Zr2ai{a^ - b'-) ’ 


.-ft 


and the residue at ib= ^..., „ ... [on interchanging a and A]. 

— 0*) 

Hence, by Cauchy’s residue theorem 

/= f /(.v)./.T+f f{z)dz 

•I ~R •' Cn 

^ . r 1 


Now 


TT (t-’* e-^\ 

■ «2_A2 (,-*■ Tj • 

i f /U) d.- 

: •* c.,. 


( 1 ) 


i < \A^) \ \dz 

‘ Cn 

'ttR 




<* I =S I e-v 


a** I =* I « 

< 1 , tvhen.v >n, 1 i <!= I > U I I «’“ + *" I > U I 


I J\z) dz — ►Oas/? 

•'c« 


OO. 


CO 


Hence, I -7 , which obviously exists in the 

ordinary sense, is equal to the vaule in (1). Now, equating real 
parts, we find that 

cos X dz TT /^e~^ 

.1 + lT“Tj ■ 

Note. If ar=b, then f{z) will have a double pole at c=ifl. 

5.51. Indented Seml>circluar Contour. 

If Q (x) in § 5.5 has non- 
repeated real linear factors, i.e.. 

/(?) has simple poles on real 
axis, the principal value of 


^co 

/i^.vV/.v exists.* To evaluate 

• —CO 



♦See Brom^vicll, Theory of Infinite Series, p. 416. 
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, he integral in this case, we modify the contour of §5.5 in the 
following way. We delete the neighbourhood ofj.^ , 

real axis by iuserting a small circle O, 1 ’ I ’ ■ =■ 

A contour modified in this way is said to be indented. The mtegr 
round the indented contour is calculated by Cauchy s residue 
theorem and then the radius of each indentation is made to tend 

aero. Since f/ir'it/-- taken along the semi-circle C., | z-c- 1 =^ 

. ■ 1 fs s 1 Th 1 it follows that the 

is equal to m times the residue at [§ 5.5. I n.]. 

value of f'” fi.v)</.v is 271.' times the sum of the residues of /iz) 

at its poles w^i::;t the indented contour p/-« r:/ times the sum of the 
residues of/iz) at its poles on the real axis. 

Ex. 1. ij 0 , 

cosx dx _ Tcsj^nfl 


CO 


P. V. 


CO 



Let 

has two simple poles on the real axis, 
namely ■C=i±=fl- 

We consider 1= j* f{z)dZy 

where C is the contour of § resperti've‘lv‘'rV.cr r', then 

:v"uhin1i:e"rtC'UdiUte f.g no singularity. 


f Az)dz f \ 

J »' fl + r • 

Now, -rt and are simple poles of/{^) ; 


( 1 ) 


,^ia 


the residue of/(.2) of .j""' 


.ft 


'la 


and the residue at {Z^a)~- 
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Hence, Lt f{Z)dz=TJx 

C'r' 




2a ’ 


Also, 


J* -la 

and Lt " . f§o.3,Th.] 

r->0 d C, 2a ^ ^ 

i </ 


I I < 


tt/? 


since | e‘- \ for v^O, and j a~ — z^ \ '^ \ Z 

(V I •: I >a): 


R^-d^ ’ 




• • 




/(eye— 0 as R--CO. 


P. V. 


CO 


•' — CO 


e**dx . . TTsina 

5.=.— := . 

A- 2a ^ 'a 


Making R->eo, r->o, r'— ^0, we have 

~T:i 

*> •> 
a 

Equating real parts, we obtain the required result 

rosxJx _irsin<7 

4 % “^j>“ ♦ 

^ -CO « 

Note 1. If we equate the inaginary parts in (2), we get 


( 2 ) 


P. V. 


P. V. 




sin.Y dx 


-CO 


=0. 


Note 2. In (i), j ^ ^ and j ^ are taken with negative sign, 

since we have defined contour integration in the counterclockwise 
<!irertion to be positive. 


Ex. 2. Show that, if a^O, b yO, then 

1**^ cos 2ax — cos 2hx , 

2 rf.v=7r(ft — 


0 

Lct/f.:) 




{Agra I94S) 




— , and con- 


/ 


sidcr /=r I f{Z)dz, 

C 




u 


X 


Fig 31 


taken round a contour consisting of the upper-half of a large circle 
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> I =/?, the upper-half of a small circle | C | =r and the parts ol 
the real axis joining their ends (see Fig. 31 ). There is no singularity 
within the contour; hence, by Cauchy’s residue theorem 

/= f f{x)dx- I I I{x)dx+ { f{x)dz^0. 

J •' Cr ^ 

Now, ^ = 0 is a simple pole of/ ( 4 ) ; 


o 


•.*/U) = 

residue at 0=2t(<2 — b). 


Hence, Lt f /{^)r/c=7r( X 2iV/-A) = 27 r(A-rt). 
r->0‘' C, 


Also, 


•' c,, 


Az)dz 


< 




Cn 
2 -nIi 


1 M 


dz 


^ R’ ’ 

1 1 < I I + ! t + 

<2, when ^‘^0 ( b'^ 0 ) ; 

• I f{z)dz-^^ as R~>o^. 

■ * *' Cu 

Hence, making /?-'<>=>, r— > 0 , we have 


P. V. 


• CO ^2far ^2ih£ 

i .dx = 2-n{b~a). 


CO 


Equating real parts, wc havc j ^ 


cos2rtA'-cos2ft.Y 


dx= 2 rz (A — a). 


or 


,.CO 


0 


cos 2<2 .v — cos 2 bx 


.2 


dx — '!l{b — o). 


5 . 52 . Jordan’s Inequality. As 0 increases from 0 lo ^ 

decreases steadily. Hence, the mean ordinate of the graph of 

0 * 0 

,,=cos X over the range 0 < a' <0, / <>., 5- ^ ''•'^ = ’"0 
decreases steadily ; 
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^ <1, when 0<0<-^ 


This is known as Jordan*s inequality and is very useful in the 


CO 


where 


CO 


evaluaton of definite integrals of the type 

Pi v) 

J{x) is a rational function such that the degree of P{x) is less 

than the degree of ^(.y) by at least one. 

Ex. 1, Show ihnt, ij then 


CO 


.Y Sin ax 


0 




dx= 


Tre 


—An 




{/Igrn, ]940;49) 


Let /{^)= \ 7 > and consider I— / (Z) dz taken round the 

+ A** •) Q 

contour of §5.5. The only pole within the contour is ik (V^>0), the 

{z-iklze^’'' _ e-^ 


residue at which is Lt 


ik 


I 


• » 


Hence, by Caucliy’s residue theorem 


»• /• g~la 

/= j\x)dx+\ f{z)(h^^my.- =7r;V“*«. 

•' -R ^ Cn 


No^v’, 


f m dz 

Cn 


< 


J 


\Z\ I I 




Cn 

J12 ..T 


U^H-A=i 

— fl/?sinO 


< 


i.e., < 


R^-k^- J 

0 

2/?2 1 

• TT 

R^-k^- J 

0 

■nR 


a{R^-k^~) 


Tzn{\-e~' 

aR 


I dz 


dOy where z = Re 


jO 


dH, by Jordan’s 

inequality 




— e 


lamir. 


7r 2 


0 


) 


which 


a ’ 

0 as R — ► CO, if rt';>0. 


THE CALCULUS OF RESIDUES 


1(53 


Thus 


, Lt r 

CO • ' 


oo 


CO 






Equating the imaginary parts, \vc have 


^ OO 

0 


X sm ax 
+ k- 


= ikC 


or 


X sin ax , 77 . . 

i/x= 


Ex. 2. Alifdy the calculus of residues to evalute 


..CO 


0 


sin mx 


dx, where m 'yO. 


{Agra lOttt, 'o'>) 


l^cx. fiz)= ‘ and consider /= I / (^) taken round (he 

contour of fig. 31. There is no singularity within the contour ; hence 
by Cauchy’s residue theorem 

r f{x)dx-\ f{z)dzy{ /Cx)r/x+ r /(c) ^■: = 0. 

J _/e J Cr * t- * 

Now, c=0 is a simple pole of/(c) ; 


rnis 


residue at 0— Lt — 

^->0 

Hence, Lt I f(z) dz^'rri. 

f->0 •' C, 


Also, 


f{z)rU 


Cn 


jMt; 


n 


Z 1 


— I dz 


-r 

•' 0 

0 


—mil sinO 


dO, wltere z~l^f 


iO 


7r/2 


by Jordan’s 


inequality 


TT —mR . 

(1—^ ). 


mli 


.which — >0 as /i->co, if m^O, 
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Hence, making /?->oo, r^O, we have 

ftntx 


oo 


P. V. 


dx=m. 


OO 


X 


(1) 


Equating imaginary parts, we get I 

— oo 


sin mx 


dx=‘7ry 


or 


r 

•’ II 


sin mx . IT 
dx = 


X 


9 • 


Note, If we equate real parts in (1), we get 


cos mx 


dx=(s ; the P.V. is necessary, since the integrand 


sm mx 

X 


dx. 


P.V. : 

<1 — oo 

becomes infinite at origin, whereas in the integral I 

• — OO 

the integrand -?»m as a*— vO, 

r ^ 

5.6, Evaluation of .y^“^ /(.x) d.x (^<o< /). An integral of 

•' 0 

this type can be evaluated by contour integration if f{z) is a rational 
function either having no poles or else only simple poles on the 
real axis and if .y^/^.y)-> 0 as x->0 and also as .y-»oo; for, then 

-oo 

I ^ /(-vKv converges at the upper and lower limits of integration 

and possesses a Cauchy principal value. The different methods of 
evaluating such integrals are illustrated in the following example. 

Ex. 1 . Apply the calculus of residues to evaluate 


oo 


ta-l 


0 


1 +/ 


dt, 




Method I. Putting /=#', 
we have 


- R+ i7t i 




R + 2.RI 


OO 

0 

eo 


'rt-l 


1 +/ 


• dt 







Fig. 32 
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f{z)= ^ consider /= f f {z) dzy taken round tlie 

^ ' 1 + (7 

contour consisting of the .r — axis and the lines x= -^R, y=^-7T. "The 
only singularity within the contour is a simple pole at ^=7rt and the 


residue there 


- r - 1 






{l+e--} 


Hence, by Cauchy’s residue theorem 
f /{x)dx+ \ /(/?+(>■)■* 

J _/? •’ 0 


idy 


0~R ^ 

+ ( /(A-+- 7 ri) (Ix+ /( — /^4 I'v). idy 

Jjl •' 277 


. ..277 


Now, j /(/^ + i>)' * 

1 J 0 


r' _!/ . 

*' 0 I I 'i' e 


fjRA-'ay 


R + iy 


hich 


{ /. I ' I 

0 as — ►c^, ilflv^l. 
. ,.277 


277 e 

T^-1 


\>^ -n 


-aR 


, ,.277 t 27re 

Similarly, j J + *dy | ^ ’ 


which 


0 as li — ► ^ 


Hence, Lt rr 

7?— ^>co Lv — /< 


. . aril 

=^ — 27:te , 


— 2nie 

_ -i+4- ‘'^=777^ 


. 077/ 


ar.i —ar.t 
e 


{Agra, 41, ’J/) 


sin<i 77 


IGG 
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SO that 


r 

J 0 


dt=- 


TT 


Sin ATT 



its principal value*, and Cj is a large 
semi-circular contour indented at z=0 and ^=1, the radii of indenta- 
tion being r and r' respectively (see fig. 33). 

There is no singularity within the contour ; hence, by Cauchy’s 

J * ^ ' /* 

e"‘ (j} {xe“' ) dx — | ^ (■2') dZ 

R Cr 


+ 


pl-r' . .R 

4, (.v) dx— (c) <f,{x) dx 

d f c ; ■' l—r' 


Cu 


4>{z) dz=o. 


Now 


f ^(2) dZ 

^11 


f I 

Jr., rc-if 


- i dz 


C,i 

^ ttR'* ... 

which — >*0 as R 


since a'^ 1. 




Again, Lt [20 (2)]= Lt —0, since fl>0 ; 

2-.-0 


(1) 


00 


* a being fractional, ^ is a nianv-valucd function. 
,a— 1 (a — 1) Log Z , . ... 

2 " o has Its principal value when Log < has its 

principal value. On the negative real a.xis, =(xc ~' ^ 

and on the positive real axis 4 "“ ^ 4=0 is a branch point 
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Lt f <k{z)dz=i). 

r-^0 C. 


Also, Lt [U_l)<^U)]--l ; /. Lt 

Z~^\ ^ 

-►0, r ’ — ►O, we have 

dx-\-V.\^> I , </.v + 7ri=0. 

,} 0 1—'^ 


4 >{z) (iz=-- —~i- 


Hence, making R 


CO, r 


.0 a-i a— I 
e X 


( 2 ) 


l-i-x 


oo 


Equating imaginary parts, we have 

,.oo ^,-1 


sin ATT 


0 


l+x 


dx = '7T, 


.•CO ^-1 

or ' - — ~ ^ 




•' 0 


1 + ^ 


sin ATT 

I Agra I9-jrj, ’-77, V5 ; Viktarn 1900) 


If we equate real parts in (2) we get 

CO 


dx 


„ 1-. J ^ 1+^ 

= 7r col QTT. [V of (3)] (■!) 

[yikrain 19^9) 




Method III. Let 


- . a 


ncl 


consider I. 


C, 


•Kz)iiz, wlierc has its 

principal valucVnd Q is a contour consisting 
of the arcs of circles of radii R and r, and 
the straight lines joining their end points 
along the real axis (see lig. 34). 1 he only 

singularity within the contour is a simple 

pole at ^ — 1 =«'" , the residue at which is 



Fig. 34 


Lt 


z 

theorem 


(4+1)^*^ ^ • hence, by Cauchy’s residue 

■e^-‘ ' l-\-Z 
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^ 1 . Ji 

I 0(.t)(/^+ r tlf{z)dz— I dx 

•' r •' Cji d r 

“ f ‘/'(Z)dz 

rf r 


rt . (a— 1);:/ « . a-i 


= ZKi. e 


= ~Z7Tie 


Now 


r •l*{^)dz 

•'Cn 


< 


r _L - 1 I 

J r.. ^+11 ' 




C„ 1-^ + 1 


I 


1-r 


, which->0 as /d->oo, since a<l. 


So also 


Cm 
L t 


^(^)dz 


< 


27rr^ 
1 — r 


which — >0 as r->0, since a^O. 


Hence, /e->oo^ f ^^(x)dx— f ^ ^(.v<‘-'V""V.vl= 27ri/"' 
r—o LJ r •' r 




or 


oo 


or 




-1 


</x = 


2ni 


t k 


ar.i — a7T7 

e — e 


sin an 


that 


u 1+.V 

Ex. 2. //■— 1< /»<! <7«t/ — 7r<A<w, show by contour inUgration 


..CO 


:-t‘d. 


TZ 


sin p\ 


0 


1 + 2a- cos A + .i” 


Sin .VTT 


sm A 


explaining clearly the necessity of conditions on p and A. {Agra 1943^44) 


c-'’ 




cons 


Let/(^) j ,■> , -/A 

) {•v + ^ 

ider /=- J where C is the contour of 6g. 34. 


K , and 


C=^0 is a branch point of/(c), and if -7:<A<7r,/(^) has no 

singularity on the posiiiv'e real axis (excluding origin). 

The singularities within the contour consist of simple poles at 

, and . = 


__ i). _ i("+J^) 

s_ ^ C 
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the amplitudes taken are 7r + Aand7r — A, as these are the positive 
values that lie between 0 and 'Itt when — 7r-<X<r,7r. 


Residue of / {z) at — ^ \or, e 


Lt 

Z-*- — e 


/).- 


, /),. —p 




— {e -€ ) 


'li sin A 


Similarly, residue at —e *' = — 




2isinX 


— (changing A to —A) 


Hence, by Cauchy’s residue theorem 



f{z)dz + 
Ch 





c 

'li sill A 







)/sinA 


27ri e 



sin />X 
sin A 


Now, 


J 


Cn 


f{z)dz 


-P 


dz 


1 Z'^-e "1 I ^ -\-f I 


u 


27tR^ 

{R-iy 



which-^Oas if I— /*<2, /. «?., if — 1< A- 


^ I -I- 



Again, j f / (z)dz 

! Cr 


iTTr 


I -p 


(f-r) 


2 - , which-rO as r ^0 if 


1 — ^>0, i. e., if/'<l. Thus, the condition — 1</><1 is necessary if 
the two integrals around Cp and C, are to approach zero as R-^o=> 
and r— >0. 
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Hence, (1 — e 





CO 


x~^dx 


1 +2Arcos4-.v^ 

sin p\ 
sin A * 


or 




^ 1 -f- 2.V cos A + •v’* 


27ri sin p\ 

gP~> _g~P~‘ sin 


TT sin p\ 
sin Ptt ’ sin A 

Note 1. The result remains unchanged if p is changed to — />, 


CO 


i.e. 


0 


1 + 1 


x'‘dx 

cos A + C^ 


■— TT A TT . 


re sinpX 
siiiTT sin ?. ’ 


where— 1< /'<!, 


Note 2. That 


Lt 


I /(•C)</'S = 0 can be shown also by 
•' Cr 


using Theorem of §5.3 ; 


for, 


Lt 

C-rO 


Lt 


,1-1# 




i. e., if Pd^- 

5.7. Rectangular Contours. So far we have been mostly using 
circular or semi-circular contour [e.xcepl for E.x. 1, §5.6]. Generally, 
a large semi-circle, indented or not, is used in evaluating integ- 

,oo 

lals of the type / {x'){dx). It should be noticed, however, 

• * — CO 

that there is no special merit in a semi-circle. In some cases a rec- 
tangular contour is more convenient. Improper integrals involving 
hyperbolic function in the denominator of the integrand are often 
evaluated by means of a rectangular contour. The rectangular 
contour is indented when there is a singlarity on the contour as in 
the case of a serai-circle contour. 


,flZ 


Ex. 1. By inlegrating round Ihe rectangle of sides x==±Ry 

shoiv that 
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,f 


CO 


0 


COShdAT 


a 


COShTTX 


i/Ar = Jscc where — 

{A^ra I9o'j ; Vikram 1900) 


L «/ w =- E^r 


-le 


(o + n)’ 


t:Z 


*>_ 


- 4-1 


•>_ 


, ihen a zero of the deno- 


(2/j-i-l)-' 


minator is given by e" ”*' + 1 — 0 , or, ? = — I =e 

(w=0, 1, 2,.. ). 

Thus, ihc only singularity of /(^) within the given contour 
is a simple pole at 4 =-;^-at which the residue is 


r 


1 




9 

L 


-(cosh Tzz) 


»ai, 2 


TZl 


hence, by Cauchy’s residue theorem 

..li 


• * i ^ li 

1= 1 f{x)(ix-{- 1 /(■v+0f/^’ + 

J -/i *'0 ^ 


^UI2 

= 2 Tr/x 

nt 


Now, 


/(/e+»». i(^y 


u 




f UJ- 

J 0 i 


ia+-){Ki n) , 

-L_ Jy 






Z-H , ’ 

e — 1 


which— ^0 as il a-f^*C 27 r, i.e., ifdC^Tr. 


Similarly, 


.1 


-2^k~ * 


Jo 1 1-^ 

which — >0 as R-^<x), if if~^<C^* 


J eo gOX C 

cSiTir/^+'“’ J 


CO 




cosh TT.V 
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Ex. 2. Integrate 1), where a is real, round the rectangle 

of sides x = 0, x=R,y = 0,y = l, indented at 0 and t, and show that 



where r and r' arc the radii of indemalion at c = 0 and c = i respec- 
tively, /(c) has no singularity within the given contour ; hence, by 
Caucliy’s residue theorem, /— 0. 


Now, and are simple poles oF/(c); 

r 1 1 

residue of / u) at 0= 1 — t =-:y- 

dz J c=0 
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and residue at i ^ — (similarly). 

’J7T 

1* . 2771 1 i 

Hence, Lt /(c) 

r->0 C, 4 

<• 277/ 

and Lt f{z)(iz= , • 4 ^^“ 4 * 

f'-^O •' Cr' ^ 

1 ,.l I ) I 

Again, r / (/? + (». /V^’ < T/'-*’ 

.1 0 •' 0 I ^ —1 I 

I 

_j .) 0 

which ->0 as R->co. 

Hence, making R— >oo, r— >0, r'- >0, we have 


giax gitt{x-¥0 

.1 0 0 - 


<Ix- 


(l_,-n) -2,-^ 

0 « -I 


. 1 

_ — ^ ifiy =1 

^ -nr/ * 4 

0 ^ —I 

. . I , .■ r' 


(ix = i 


*— (ly 




_• 1 +.- ,, r ^ 

-* 4 + J 0 


. 1 +^ 


j» 1 ^--iv (cos tt;’— I sin 
+ Jo 2 sin TTj' 


= 1 


Equating imaginary parts we have 


sin ax 

Jo 


dx= " -+ r ^/v 

4 J 0 


f"” *-±-^--- '- = Jcoth ^ .y 



174 


COMPLEX VARIABLE 


5.8. Complex Transformation of Known Real Definite 
Integrals. 

By means of a complex change of variable, values of certain 
integrals can be deduced from known integrals. 




Ex. 1. liv inteorating e ' round the rectangle whose vertices are o, 
R, R'\ in /fl, where a if real and positive, prove that 


(i) 


oo _ 

e cos 2ax dx=hy/ tt e 


-C2 


0 


oo 


.•n 


and 'ii) 1 e ' sin 2fl.v | e 

•' 0 ■' 0 




dy. 


t* •> / 

\Vc know that 1 dx= -T - 


{Agra 1946) 


•' 0 


=.f 


— r- 


Consider I— I e ' dz, where C is the given contour. The 

C 

integrand is analytic within and on C ; hence, by Cauchy’s residue 
theorem, we have 

•’ 0 * 0 • R 

+ e idy=0. 

• n 


Now, 


f 

0 




a 


since 


e ■ dy, SI 

0 




-.fi2+v2 


-/?2 + o 2 

I.C., . a, which -^0 as R-^oo. 


Hence, 


CO 


0 0 


J 


. •r‘^v2 , 

e dx—i I e' ay, 

^ 0 


oo 


Jo 


or I « (cos 2ax—i sin 2d.v) dx 
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Equating real and imaginary parts, we have 



cos '2ax dx = 


\/7r 





and 


p®® -x2 

I e ' sin '2ax dx = c 
0 



E». 2. InUgratins « ‘ following contour : 

(i) the X — axis from 0 to R, 

(ii) the circle \ z 1 from 0=/? to 0--a, where ^ , 

and {\u) the line ^^a.,frcm | C } =R to the origin ; 
show that 


(a) I ^ 
0 


-jr2cos2ci 




COS (a* sin 2a)i'/-t= cos a 


,•00 


and (b) I e {x^ sin 2a) dx= sin a. 

•'0 

v/TT 

cos (X“) dx= I sin {x~) dx = ~^. 
0 •’() -V” 



>-x 


Now, 
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where ^=” — 20 and ^ = a^0,ifa^ 


TT 

T* 


i.e., I ~e '^1" by Jordan’s inequality 

- »/ Q 


7 r , — 2 ^ 2 ( 3 /?: -/?2 . ... - _ 

— — {e —e ), which —.*0 as R^oo. 


Hence, making /?->oo, 


/a . 

c . e dr 


0 


-r 

0 


dx 


o » 


f«oo 


or 


— .t2cos 2<» — /.c2sin2a , — 'a 

? . c ax— — — e 


0 


Equating real and imaginary parts, wc have 


f 


oo 


0 


e cos (.r® sin 2a) (/.v= cos a, 


, — .v2cOs2u • / n • O \ J 

and I e sin {x- sm 2a) ax = — ^ — sin a. 

•' 0 


Putting 




• / 2^ V'^ 

sm (.v2) 

0 ^v- 



Note. The two integrals in (1) are called FresneVs integrals. 

5.81. The Converse Problem. So far we have been using 
Cauchy’s residue theorem to evaluate definite integrals. Sometimes 
we have to use the converse process and find the residue when the 
value of the integral is known. The example below illustrates the 
converse process. 

Ex. 1. If n is an even positive integer, Jind the residue of nz 
at {Agra 196G) 
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T V sin ttZ 

Let /(?)=tan tiz — 

then a zero of the denominator is 


j + iR 


given by 7r‘5 = 2w7r±'^-, 
or z~^m± 

f{^) ^ simple pole at ^ = L ^ 

Surround this point by a rec- 
tangular contour whose sides are 
x = 0, Ar=l,j' = ±/? (see fig. 37). 

If/: is the residue at Z = l, 
then, by Cauchy’s residue theorem 

^•= -2-^ [J 


»-lR 


Fig. 37 

.-R 


+ J ^f{\-Viy).i<ly+ \ ^f(x+iR)dx+^ ^ f{b)-i'ly\. 

Now, /(l-hi» = taii 77 (l+;»=tan tt (i»=/(/» : 

.72 .-72 

/(I b/v). = 

J -72 *^72 

1 r (• 1 

Hence, [ j /(^' — | f{x->riR)dx 

.1 .1 

Since Lt f{x — iR)dx^ Lt (tan"-* 7 r(A' — /72)}^/x 

72— >oo** 0 0 72->oo 

~r* 27ii(x~iR) J 

•’ 0 72->oo I- * ' ^-1-1 J 


=j;(ir-Ki)r 


.0 .1 ri ,2n/(Ar+/;?)_j 

and Lt f{x-^iR)dx~— Lt 2ni(x+iR) , . 

y2_->co«M 0 72 ->ooL * e ^ H- 1 


In-l 


1 v»-* 


-J 
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/J 

V Z 


\»i-l 

) [V {-i)"=i]. 


• • 


, 1 y I / 1 .«-n 1 I 

+(t; J=s 7 -(-o-=-y(' 





[V (-1)" = !.] 


5.82. Miscellaneous Solved Examples. 
Ex. 1. Use the residue method to show that 


o— 

—TT 


cos* :\0 dO 


1 -2/- cos 20 T-^— 


Let / 


cos* 30 dO 


_ f" 
“•'o 


277 


COS* 30 dQ 


■p cos 20-|-/>” , 


0 


iO 


Putting e =Z, 


=tJ 






wliere C is the circle 


I C 1 =1. Within C, the only sinj;ularitics of the integrand are 
simples poles at .:=v/ C = — v''p (V and a pole of 

order 5 .at r = 0. 


1 ('6*+!’)* 
Residue at VT=-n-- ^ ^ 


S; ’ 


h 


Lt 




I 


residue at — y/ p = — — 


c->V7- 

(/.*+!)= 


■] 


o? 


p\p—\) ’ 

and residue at c-0 is the cocflicicm of ^ in the expansion ofthe 
integrand in ascending powers of^ which is 

~^4;yy+-+? X''’‘7r+y+- ) 
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hence, residue at 0= ) 


1 


4? 




Hence, 1=27:1^ (P=>+ 1 )= + (/»— 1 ) (Z'' +/>^-|- H 

--/,3(l_^2) l-p 

Ex. 2 - ShoWy bv contour intesratioriy that 


fix 


^ -, , (^>0,A>0- and 

Jo (« + Z»^-)" 2-6^ ■ 1.-'. .■(«-!) «" ■ 

n a positive integer). 


Consider J 


, taken round the contour of 

fig. 28. When R is large, the only singularity of the integrand 
within the contour is a pole of order « at ^ = iy/'t (’•* i 

and residue thereat is 


(_ l)n-i 1)^(2« - 2) _ _ 


/i-l 




L r - 

’^J '^Jc„ 


n 


= 2m X 


L„-J • [-/- 


-2 


(2tV«)‘'‘"‘ 


27r 


1.3.5. ..(2n-:i) 2"-_|_ 


L"r ' ■ 

TT 

[m- 


2ZH-1 fln-J 

1.3 5....(2h-3) 

1 • ‘ 
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Now, 


J 


dz 


dx 


<- 




{bR^~a) 


~ — >0 as /?->oo ; 


TT 1.3....(2«-3) 


■■■ /!<. 

dx_ _ 'IT 1.3....(2fl— 3) 

J 0 2 "* b^an~L\n~l '• 


or 

Note. The result will remain true if (7<0, A<0. 
Particular Cases. 

(i) When a~b = \ in (1), we have 

.3.5....(2;/-3) 


( 1 ) 


r~ dx TT 1. 

J 0 (H-.v=^)»-2" • 


n — 1 


( 2 ) 


(ii) Putting «=1, 2, 3, etc. in (2), we get 


J 

I 


00 f 

dx 

77 

0 



^ dx 

77 

0 


A 

11 

oc 

’ dx 

377 

0 


"le*’ 


( 3 ) 


( 4 ) 


(6) etc. 


Ex. 3. Show thal^ if fl>0. 


i 


CO 


0 


X sin mx 
x*+a* 


~gim 


ma 


. TT — 17101^/2 . 

sm-— 


and consider /= f f(z)dz taken round the 

■c i-a Q 

contour of fig. 2S. When 7? is large, the only singularities of f{z) 

within the contour are two simple poles at ^=a«'^and 
if a>0. ’ 

r 

./f7l2 


Residue of f (.j) at = 


ze' 




in/4 

Z=ae ' 




4fa2 
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— mo/\/2 ^—imaIy/2 

Similarly, residue at a? * ' = 

Hence, /s I f{z)dz 

d -R d Cjt 

-malv'l i„,af ,2 -unalx/2\ 


iTT —Ma\/2 ■ 

= -=-g SI 


ma 


sin 


V2 • 


r ' ^ C \ z \ I ^ 

Now, I f{z)dz ^ 

Cn •' 


iniz 




Cr 
txR^ 


a 


I dz I 


/2* 


—my ^ 1 
— c ^ 1 > 


which ^0 as R'>oo ; 

oo 


^ r ... I 

-<2* L . 

for m>0 and>’>0. 


-oo i,nx i-n ~ may/ i2 . 

• i 7-dx = -x-e 5*” ./ >2 

" J _oo + ^ 


Equating imaginary parts, we have 


r 

0 


X sin mx 


?na 




. 4* prove, by contour intesration, that 

CO ^.3 


J,- («>0.m>0). 

o* 2 V 2 


p®® x® sin_wt 

J 0 + 

Le,/(,)=^:-. and consider /= J/(^) round the contour 

of fig 28. When f? is large, the only singularities of / W within 
° i-rJA , 3ir/4 

the contour are two simples poles at and 

if a>0. 


Residue of f{z) at ae ‘ = 


^3gt">x 


4^ {r/+a*) 

dz 


/tt/4 

z = ae 


, -mal\/2 Jml\/2 
— ^ 
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Similarly, residue at 

,tR , 

Hence, /(.v)A-f I f(z)dz 

— R J r -. 


—'Irdy.' 


n 

—iua/\>'l 


—nia/\ '2 ma 

— TT e ' ' cos 


v/2 • 


Now, 


( 


» t* 


Cii 


J\z)dz 


/ 


Cn U^ + '^M 

•' ^ —inR sin $ 


dz\ 




wJiere .z = Re 


W 


t. e.. 




sr' 


by Jordan’s inequality 


oj^i /-.S/tt 

7(^.1 0 

2R* l*^'- 


—fuR sin 0 ,,, 

e do, 




< /iCT^T 


_^-2niR$/7: 




0 


_ /I -w/? ^ 


which -.-0 as R ->co, if m>0 ; 


• » 




CO 


^ ^ » • — /W/ 7 /v - 

^ cos 


ma 


V- 


> • 


tua 

cos 


Equaiinj? imaginary parts, wc have 

J 0 .v‘-f 2 --- ^/o • 

Ex. 5. Prove, by contour iute^ialion, that 

OO 

0 .v(.Y-+a=j" ' “ 2a' (, 

{Agra ir) 3 i) 
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Consider / = J Rz)dz, where round the 

c 

contour of fig# 31. 

The only singularity of/(^) witliin the contour is a dotdjle pole 


at ^ = ia. 




Putting C = »« + h f{z)— !)- 




2i2 


ill'll 

11 


— •) (>+ir('+ T; 


. 1 . 


residue of/U) at /rt = coenicicnlory in tiic above ex 


rud 

pansion= (amd-*-). 


Hence. Isb f /{xy.x- f /(^V-H J 

*1 — R 'Ur r 


+ 1 

C,i 


= 2 TriX 




— fi 


{am -1--2). 


Now ^ — 0 is a simple pole otf{z) 




• • 


residue at 0= zfiz)~ Lt^^ {z^-\-a‘^)^ 




Z -.0 


a 


Hence, Lt f — ttj X 

--.0 d Cr 


Also, 


Ch 


f{z)dZ 


< 


I 11^1 

\Z \ \z'~'ra^\ 


Cn 

TtJi 

R(R^-a*) ’ 


j^.. j gtm; I form>0,^>0.J 
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which ->0 as R ->oo. 

HencCj making r->0, we have 

,oo 


^ TT/ 


— tna 


.v(.t2+.22^2 ^4 ~^7rix 


Equating imaginary parts, we have 


,f 


CO 


s*n mx tt 

-oo “ 7-»' + “>» 


or 


/ oo 

Sin r?ix , TT tna 

0 .^f?F 2J< 


Note. P. V. i 


m 


IS not written in the required result, as f(x) 


->— ; when a-^0. 
a* 


Ex. 6. Use the residue method to show that 


(0 


log A- 

.1 0 ^ 


(ix=0. 


.... r®®iog (i+.v2) , 

J 0 nTf— '°E 2. 


Deduce 


(. J^ra 193'J, ^62) 


.1 log('.v+J..) 

Jf , = 

(i) Method J. Consider /=J /(.)rf- ^ound the contour of 

Cy 


fig. 34, where 


l + orily singularities of 

within the contour are two simple poles at x = ±i ■ 


fU) 


residue of f{^) at /, i. e., = f c)- , 

and residue a, -r, i,,.. a,, 


— 7i^ 


Si ^ 


9 

Z^t 
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Hence, fe f^/(.v)</.e+ f fU^dz-^ f 

•If Cji • jt 


- r mdz 

j c. 


= 2 -x ( Sf + 4 ^) 


Now, I I f{z)dz 

‘ Cn 




log c 




■’ Cn ' ' 

27r/?(log /?-l-27r)2 


1 dz 


'R^-\ 


*0 ^ 

r- • 1 log z I = 1 log /e + iO 1 , where z^Re^ 

[■ ' ® ' < log /; + -27r (V 0<27r). J 

\s'hich->0, as /^-><=o. 


So also I I f{z)dz 
1 d c. 


< 


as r^O. 

« •« * 


1— r 


Hence, maliing /e-^co, r->0, we have 

CO 


ll:^/.v = 27r^ 


Jo 1+^ -’o *+•' 

e°° (log *+2mll = 27r^ 

.e,, Jq - 1+.^ 

Equating imaginary parts, we get 


■,0 


C°°^°AIdx=o. 
Jo l+tc^ 


( -v ^ 


f <5 


(0 


Method II. Consider Ii=J^'^{c)*. where 4 (z) ™utid 

r r„ qi The only’ singularity of <l.(z) within the 
comouTis a simp^ poie at C=f. and the residue thereat ts equal to 


log -2 


4(1 + c») 


»7r/2 


2i 


TT 

T’ 


Z=i 
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Hence, Ii=J f ^(^)</-e+ f <f>{x)dx 

i< Cf •' / 


+ J 


o^: v' ^ 

^4il X “r — 




Now, I r 6{z)dz 

•’ Cj, 


I 


Mog <r ( 


Ji 


I ^“Hi 


-- 1 I 


which— .'0, as R-.-co. 


■^ R(log R-^7 t) 

R^- r ~ 


I =- I JoR /M-iO I , where z 
<Jog y2+7r(*.-0<5r). 




So also 


f ^(0 I < £±z:)_,o 

d I 1-n 


as r->0. 


Hence, making A’—eo, r->0, we have 
log (.v.^' ) 


J 


l.f.y 


0 i+^- 

(log .v + 7ri)-i-!og.i: 


‘'■' +Jo i+V*='T- 


0 


1 + .V- 


dx=i 


. TT- 




Equating the real parts, we have | J”S:'V/a-=0. 


r 

Jo 1 


+ x- 


(ii) Consider /=J^/(.K-, where/ 

tlie contour of fig. 2.S. The only singularity of /(;) within the 

contour is a simple pole at ;=/, i.e., _and the residue thereat is 

r igg '1-, _ log (2t) log2 + ,',r;2 




L'i 


'Ji 
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.•R !• loff 2 + /7r/2 

Hence, fe /(.r)dx + /(^)* = 27r. X- - 

•' —R C/c 


Now, 


2 1 


= 7r(!og 2 + /7r/2) 


C 


log ( x:4-0 


Jt 




I log (c + OJ 1 1 

c. ■ ■ l‘ 




7 :/v*(log {R+ 1) i_2^7} 
A--1 


I log C^ + 0 I = I I ' ' ■*' ' I' + O 




H 


^A) as /?->co* 


Hence, + ^v = M:og 24 < <2). 

•/ — oo ^ 


Equaling real parts, wc get 


Jog 1 

J _oo ' " > 


loR \/a.= ' I |„g 2, 


f ^ log ( 

i.e-, 

J 0 ■' 


log c/x^TT log 2. 

2 _,.l 


(‘•i) 


From (1) and (2). wc l.avc 


7 r = log 2 


=r 

•' 0 


log (A-^-t-l) -log4L ^.,^ ( 

+ 1 J 


OO 


0 


|og(x4--^-) 


A-^+1 


1 


,.l 
0 


log (a -F--) 


•f 

A'"-l 


1 


■ r/x 4- / J , 


where / 


-I 


OO 


log (xd- — ) 


-4-1 


dx 
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fr 


log(<+f) 


1 + 


1 


— dt, where 


f 


. log (/+-?-) 

r dt. 

J n 


/2+1 


1 


Hence, ■?? log 


j log(.v4-~) 


A- + 1 


2 = 2 f 

^ 0 

, Iog(A + -L) 

X 

^ A®+1 


TT 


log 2 


Ex. 7. By inlegraling e'-j V r along a suitable path, show that 


J 


CO 


COS X 


0 v' 


■ f sin ; 
dx = ^ — 

J 0 V .v 


dx 


_V— • 

= ^ 2 


Consider I 


= f ./I- rf. 

along the contour shown in 
fig. 38. f{z) has no singularity 
within the contour ; 

.R 

/= I / {x)dx 
*- r 

0 



+ ( f{z)dz+ f f{iy)-idy- f where /(4)=«^-7V^. 

•' Ctj R d Cr f I y 


Now, 


I ' 




Vz 




Cr 

l-ilL 
V 1 c I 

R 

o I 

0 


r - 

J r-- V 


<iz\ 


-R sin d jQ , „ *0 

I- ® whtre z=Re 


THE CALCULUS OF RESIDUES 


189 




VR r 

J 0 


ir/a 0 

^ •• 


/R 1 

_^^7r -2R0I- 

HR e 1 0 

_ M wliich-vO as /?->co 

"" 2y/R 


Also, Lt ^/.^)=Lt = = 

^-^0 4:->o 

Hence, making R->^> r->0, we have 


oo 


0 




J 

. p j,^{'^S‘idy=2Vi 


where vO' 




— / 
e dx 


2 'J 


irT /4 


= -V/ TT 

Equating real and imaginary parts, we have 

*rfx= f°° 7 'V=V I- 

. 8. Bj' inugralirig «-*“ a sector, of radius R, bounded by the 

lines amp ^=o, amp . = a<-^- or >-^ (indented at 0), prone that, if 


COS 


^>0 


where 


, H>o, r 

^ 0 

^ <■>=/: 


, ~ kx cos « sin a) rf.v=A-" F (") 

^ Sin 


.n^ 


1 «-* («>0). Show that this formula still holds 


when a=± 
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Deduce thit \ cos 


Jq “ f Q 4"^ J 

Let f[z)=e~^” and q 


consider /r= / {z)dz round the 

given contour (see fig. 39). J{z) 
lias no sigularily within the 
contour ; 

li 


/=- f f{.\]dx-\- 


f f ciz+ \'^ f {9e’^). J^dP 

~ f f{^)dz^0. 

•’ Cr 



Now, 


<r«) 

QOS$ 


0 

/^ 

,«a , 

Cj 

' 0 


r>-, if/:>0(Vr>0) 

J ii 


and 


•' C 


0 

=ar”, which — -O as r~>0, if n ^0 ; 

f{z)d.z I <-R" 1 ^ 


R 


"J 

0 

,.^/2 


r —kli cosO ^ /o 


t/0, where z — Re 


—kR sin? , , 
e Uif>, 


(-^- a)=A 


(0 


TT 


where 0=— — <f> 
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which — >0 as /?— >oo, ifAC>0 
Hence, making R— ><=<>, r— >0, we have 

„co ,.0 


la 


r a’*-' I 

»l 0 ^ 


^ ^/P = 0. Now change 


CO 


p to AT ; 


■•■J 


CO 


0 


— A.rcosct — /A-.xrsina /J—l •“ 
e e . \ c 


,/,v= f 

0 


-h/; 


= A-" (yj>=A--"r(«) ; putting ] 

• 0 


-Aa- cos « -ikx sin a p („) 

.> I t 

•• 0 

Equating real and imaginary parts, wc have 

J 


— nidi 


— kxC0S% COS 


(/.-,v sin a). ,h=k-' r (")• (■*) 

• sjn ^ 

A=0 and then (:t)^>0 only if «<!■ Hence, the 
. u w M^'l Similarly, we can show 

formula (4) is true when a=-^- il 

that the formula (-1) holds when ot=-7r,2. ir-l<l. 

Putting a = -”- and/.-=l in (4), uc have 


f”"-' s^in = 

* ^ 

Now, putting x=y and n = \ in (r»), we get 




cos 


= -V2 ’ 


2 Jo “r(^')''-^ = ^’(^)sin-4 

cos , ..svv = -^^ = f i- 

J 0 ^ ^ 


1 


Note. Lt f /(^Vc = 0 can 
r ->0 ^ Cf 


be shown as follows also : 


U {ec 
L->0 


-ki 


Lt zS{z)= Ll Z{e 

Z-'O 

=0, if «>0. Hence etc 
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1 . 

2 . 

3. 

4. 

5. 

6. 

7. 

8 . 

9. 

10. 


Exercise 5 


. 4:^’- . . _ _ ^ 


Show that the residues of— = r— and — =- — —at ai are - 77 —: 


and — ^ — respectively. 

If k is any integer, show that the residue of cot c, at ki: is 1. 

P(z) 

Prove that the residue of the rational function^-^^ at a double 
pole is 

f 120 /""(a) {0"' (fl)}"-G0 P’{a) O^^ia) 0‘%a) ~] 

‘IG {Cr'(«)f L -1“ OSia) 15 P{a)Q!\n} J 

P(z) 

If in the rational function ^ j , i’(c) has a simple zero at z=(t 

Cite) 

and Ci(c) a double zero at c=ff, show that the residue of the 
function at <7 is 2 P’{fi)IQ^{a). 

Show that the sum of the residues of any rational function is 
zero. 

If ^ ^ show that the residue of at a is 

{z—^y Z 's 

-/u)- 

n 

If J[.')r=X — where ^(c) is analytic at a, 

r=l 

n 

show that the residue of /(. c)/(c—m) at « is — ^ {zi~a)~'' 

r= I 

Use the method of contour integration to prove the following 
results (S — 47) : 

f sin* 0</0 27r , r. 

(a— \/fl 2 _/, 2 ), fl>^>> 0 . 

,j Q a-\- b cos 0 i“ 

Will this result be true wlien a=^b ? Give reasons. 


,.277 


cos 0 


277 


j e cos (sin 0 — « 0 ) where n is a positive integer, 

o,.. 


J d\) 

Q T^~-2p coroT/j- 
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11 . 


|. 27 r 

J 0 


dQ 


27 ra 


12. 


{a + b cos 0)- — 

9 -^ dO 


, a>b>0. 


13, 


14 


f*''* tfU 7r(2a_+ ^ , fl>6'>0. 

Jo ^ 

-27r (i_j_2 co^)^cos^ (ri a positive 

J ^ 3 + 2 cos 0 

integer). 

f^^cos’'(yO=0, if « is odd, and 

•' 0 

1.3.5 — 27r, if « is even. 

"■ 2.4.0. ...n 


27 r 


15. 


0 


i?- 

1 — 


= 277 , or 0, according as | « | <1. or | a | > 1 

tO 


J 


,-a 


16. 


17. 


J 


(/l^ra 795 ^/ 55 / 50 ) 


00 


dx=^. 

a 4 + 10 x 2+9 12 

— 


18. 


=^ 3 ^-. («> 0 ) 

J 0 *‘+o* 


19. (i 


'> Jo 


• X^dx 


(^.2 + 1)3 1(5 


=s: <"> j: 


x*dx __ ^ 
(l+x*)* 32 • 


20. 


_ 00 5x _ ^ (6 + 2c) ^^^0, c>0). 


21 . 


00 

f" (a>0). 


22 . 


23. 


cos <IX 


J.-’ 


+ X* + X* 




cos nix . _!L_(l+am)r-‘"", (a>0, m>0). 

J 0 



t 
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24. 


25. 


26 


28. 


J 
^ 0 


^2m+l 




i/x = 


TT 




, where m and « arc posi- 


tive integers and m<^n. 

j 57 r ^2 , . .. 

J 0 + 128 a 9 > 


0 


27. ( 


(!+*=>) 

(1+j:*) cos a.v 
+x^+x* 


\/3 

TT —^a 


a 

cos-^; 


Hint ; Integrate ^ ^ round a semicircle J 


.... Z*®*’ ;rsin<2.r , n 

Jo l+^+* 


J 


+ 2* 

V3 
- Vfl 


sin -y, where < 2 > 0 . 


OO 


(a2 + 3a+3), (a>0). 


0 (1+^^) 


16 


« CO • 2 

29- J ^ =^3 (m>0, a>0). 

r 1 “1 

1^ Hint : Integrate round the contour of fig. 31 J 


30. 

tm « 

f sm X , 

J 0 

31. 

..OO 

ci) p.v. 

J 0 


.-OO 


(/igra, 1931) 


n 17 r jf sm ujr , 7r 
“ Jq “^^72 — iix=~^ cos ar ; (fl>0, r real). 

Hint : Integrate ^ round a semi-circle indented at .c==r.n 
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32. 

f” d.-^. 

J 0 ^(1-* ) 

33. 

j,oo 4 

P-V- 

7r\/3 

~6“’ 

34. 

f ^ (ix — 

TT 

Jo x’Ca' + x^)'^ 

“‘2^ 

35. 

(•~ log* 

A 


4 

36. 

f"°sinV cos x^^_ 

1 

71 

37. 

Jo 

sin m (x — a) 

sin 

1 X — a 

- oo 

• 




38 


39 


sin*x sin ax 


rfx = i 7 ra— where 0<a<2. 


j 0 

1 sin nx . - where n is a posiii 

J ^ ,= +T sinT ''"-V-l)'"- 


live j 


.oo 


40. P.V 


41 


42 


J 

J 


• J 

J 0 


oo ^<.-1 




0 
oo 


1+** 

P -1 


rf;t=7r/(2 sin^). (0<a<2)- 


|(P— J)^ ^ \ 

J (0<A<1« — 7r<A<7r) 

. ix“ sin 7Tp 

0 


43 


44 


0 (1+*')' ^ 




J 

f [Hmt: Integrate 

J 'r+x+«* 81 v*» 

the contour of fig. 34.] 


45 


J 


x^^l£iJL(/x=— TT* cot Tra coscc tta, (0<a<l)- 

0 


where 


ntegcr. 


round 
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46. 


47. 


48 


49 


cxD 


<■> Jo 

jr - T ^ 


l+x + x^ 


dx— 


27r 




^TTa-^-TT 

COS ;; cosec TTfl ; 




dx=^ 


2tt , ^Tta-^-TZ ^a\ 

sin ^ — coscc Tta; ( 0 <.fl<z) 


V3 


3 




[Hint : Integrate contour of fig. 31] 

j; 


cos A:®+sin a :’*— 1 j 

172 


dx=0. 

;,2 


— 1 

[Hint : Integrate round a quadrant of a circle 

indented at 0 . ] 


sin ax , TT . V oTt 
^-r — dx^-^ tanh - 5 - : 
sinh X 2 2 


X cos ax , 7 c*< 

-dx = 


—a- 


sinh X 




; where a is real. 


(i) f 

J 0 SI 

(ii) r 

0 

Integrate>^^^|-J^^, where 0 <amp ^<27r, round the contour 
of fig. 34. and show that 

(0 

J 0 


(i+^> 


-00 

rii^ 

J 0 


V'x log a; ^ 

( 1 - 

, TT 

■(I+a:)^'''' 2 • 


gi* 

50. (i) Integrate : — , where a ]> 0, over the semi-circular 


z—ta 

contour of fig. 28 and show that 
J*“ a cos a:+,v sin x 


CO 


x- + a 


dx=27re'~°. 


(ii) By integrating 


.is 


J 


— a cos Ar+AT sin X 


, where a > 0 , prove that 


CO 


x*+a* 


dx=0. 
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51. 


Integrate round the semi-circle of fig. 28, and 


show that 


X tsn ^ X s ^ ^ 3114 j ** / /o t\ 

By integrating + round the contour 

i*7r/2 1 — r cos 20 , , « m 

offig. 31. show that I_2rcos20 + r^ log tan 0 ^0 


1 • -1 
X sin * X 


52. 


53 


54 


55 


56. 


57. 


and 


:+i' >‘nn>i. 

If 5>0, r>0, and 0 <fl<2, show that 


J 


x^-^ e 


cos bx 


0 


sin a: , TT 
'x ’^’‘=-2- 


. , OTT ^ , K dx n^2 ^ 

s.n(-g— s.nix)^,_^^,= ^r« r 

By integrating round a suitable contour, show that 

= Deduce f 

J 0 ^ ^ *^0 

By integrating e""* round a quardrant of a circle, prove that, 

ifo«t<i, r”^-‘ ;^rn*"^=^Ws; 

•» 0 

By integrating , where -7r<a<7r. round the rec 

tangle of sides >=0,j/= l,x=±i;, indented at 0 and /, show that 
sinh ax 


COS 

sin 2 


j 


r dx=l tan 

Q sinh TTx ^ 


Integrate-^, where a>0, round the square whose sides 

^^cx=0,x = R,y=0,y=Ry and show that 

"" xe-<»dx 


w j: 

d 0 


cos X 
x + a 


dx 


_ r xe-^d 

Jo 1+^ 
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ii) r 

J Q x-{-a J Q !+•* 


( 


58. 


Intecrate — r round the rectangle of sides x=±7r, j^=0, 
p — e~'’ 


y=R, and show that 

sin X TT 


f iro<p<h 

J Qp^ — 2pcosx-\-l p 


{Agra i937>4°>42>55) 


59. By integrating 


^ - round a suitable contour, show that 


z 

OC 


f 

•' 0 


60. 

If -27r<r<27r 


pOO 

61. 

Prove that 1 


J 0 

62. 

— c® 

Integrate e i 


sm a x 


AT J TT* 

sinh^'^"'" 4 * 


J ®® cosh r.t 
Q cosh ^tta: 

1 


dx—-^ cosec -;j-. 

a 7 T ti 


2fl 4 sinh ajl 


, where a is real. 


OO 


CO 


and show that f I e ^ dx^J-n. 

J — OO ^ CO 


OO 


Deduce (i) J cos 26;f rf.v = -^— ? ^ ; 

CO 


2 

(ii) I dx = ^7r, where c is any constant. 

•' 0 

63. By integrating along the lines j=0, >'==7r, prove that 


J 


OO 


0 


cos px . T ^P 

cosh^A' ' 2 sinh ^irp ' 


APPENDIX 


Expansion of Meromorphic Functions 

If a function is analytic in a region except at a finite number 
of poles, it is said to be meromorphic in the region. 

A rational function is the simplest example of a meromorphic 
function. We already know how to resolve a rational function into 
partial fractions. We shall now find a similar expression for more 

general meromorphic functions. 

Let f{z) be a function whose only singularities, except at infinity, 

are simple poles a^, a^, a^,--., where 0<^ | I ^ I I ^ I I 
and let the residues at these poles be b^,b 2 ,bi,... respectively. If 
there is a sequence of closed contours {C„), such that : 

(/) C„ encloses a^, a„ but no other poles ; 

()i) the minimum distance Rnof C,Jrom the origin tends to 
infinity as /i->oo ; 

[Hi) the length L„ of C„ is O (7?,,)* 
and (/v) on C„./(?) = o(7?„)* which condition is satisfied if f{z) is 
bounded on the sequence of contours {C„} ; 
then for all values of z except the poles 

* r 

♦ ^ 2ni J w{w—z) 

where z is a point within C„. The integrand has simple poles 
at the points 0, z and the residues at these points are 

_/(0). and respectively. In particular cases the last two 

residues may vanish. Hence, 
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n 


i=r , 


Now, 


/(O) . f{2) 


' f 

Itt/ ,1 


/(H’) 


27r/ ,1 ^ u-(u’— z) 






Mu. 


27r R„{R„— \ z \ ) 

where l/(u') ] on C,, ; 

I / I - *0 as «- -CO, because of the given condition 

Hcncc, U J ^ 

// -CO nr- I 

i.e., /(.-)=/ (0) + Z 

which is the required result. 



Note 1 . It is obvious from the proof that the series (1) converges 
uniformly in any finite region which does not contain any of the 
poles. 

♦Note 2. The 'o,0' nolation. Let the functions f{n) and ^(/i) 
be defined for all siilUcienlly large values of n and let them tend to 


zero or to infinity as n — ©o. 


If «-"=«./(«) is said to be 


an infinitesimal with respect to ^’n) and wc write /(/j) = o[^n]). If 


and <l[n) are said to be of the same order and we 


write f{fi) — 0[<j){n)]. 

Thus, tlie function '2n-\ 3n~ is {> (n^) and 0(;i*) as n->oo. 

The ‘o, O’ notation is without any ambiguity only when the 
limit to whicli the variable lends is known. For example, the 
function 2.v + 3.v- is 0 (.y) when .v- -0, but O'.y-) when .v-^co. 

Ex. 1. Prove that 


CO 


4t(X (-/)'■ ’ If- 


0 



sec 


[Agra i960) 
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Since cos z has simple zeros at the points z=±(2n+l) , 


n=0, 1, 2, 3,... ; sec z has simple poles at 

r 1| 

The residue at ^r— | ^ 

L^tcos z) 


these points. 


z = (n+ J)7r 




Similarly, the residue at 

Let C„ be the square 
ABCD with corners at the points 
(« + l)(±l±0^ [see fig- 40], then; 

(i) Cn encloses the poles 
z = ±(m + i)7r, w=0,l,2,...,«, 

and no other poles ; 

(ii) the minimum distance 
Rn of Cn from the origin is 
(« 4 -l) 7 r which tends to infinity 
as n~>o=> ; 

(iii) the length of C„ 
is 8(«+l)7r and is, therefore, 
equal to 8 
and (iv) 
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Fig. 40 


i.e., Ln=0{Rn ) ; 

f{z) is bounded on C„ as shown below. 
Along ABy A: = (rt+I)7r ; 


1 sec z I 


it _i_ u 




* 2 / 




< 2/(c-‘'-|-e‘')<l. 

Similarly, along C/), [ see z | <1. 
Again, 1 sec z | =2/ I | < 


2 



> 


i.e.y < 2/le->'-eM ; 

along BC or ADy ] sec z | <2/ | e + | 

Thus, sec z is bounded on C„. 
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COMPLEX VARIABLE 


Hence, sec c=sec(0) 


CO 

4- I , 1 1 

0 U— (n + ^)7r J 

CO _ 

+ T (~I)" * ! 1 

0 L^ + («+i)7r (n+i):r J 

CO ^ 

= 1 +2 ^ (-])» [^jl-^-:r2-,+(2^rn^+2F] 


oc 


+ 2^ (-l)n41 ^ 

0 ( 2 / 1 + 1)7; 

^ + }-f ...) 


Ex. 2. Prove that 


I 


00 


(i) cosec c = -= — 
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//“TT” — S- 


(ii) Ian j = 


^ 1 

•J (SIT i )5S3z:4i3 


(iii) cot r =-- 


I 1 

1 +22T — 

^ j C^-//2 r 2 • 
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